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Abstract—To reduce information exchange requirements in
smart grids, an event-triggeredcommunication based distributed
optimization is proposed for economic dispatch. In this work, the
θ-logarithmic barrier based method is employed to reformulate
the economic dispatch problem and the consensus based ap-
proach is considered for developing fully distributed technology-
enabled algorithms. Specifically, a novel distributed algorithm
utilizes the minimum connected dominating set which efficiently
allocates the task of balancing supply and demand for the entire
power network at the beginning of economic dispatch. Further, an
event-triggeredcommunication based method for the incremental
cost of each generator is able to reach a consensus, coinciding
with the global optimality of the objective function. In addition,
a fast gradient based distributed optimization method is also
designed to accelerate the convergence rate of the event-triggered
distributed optimization. Simulations based on the IEEE 57-bus
test system demonstrate the effectiveness and good performance
of proposed algorithms.

Index Terms—economic dispatch, event-triggered, distributed
optimization, minimum connected dominating set, fast gradient

I. I NTRODUCTION

SMART grid technologiesenable power network operators
and electric utilities to dispatch generation resources inthe

most economical way [1]. The goal of economic dispatch is
to optimize the consumption of electric energy under security
constraints, which results infinancial savingand potentially
avoiding building expensive power infrastructure to augment
peakdemand.

The economic dispatch is formulated as an optimization
problem [2] with constraints which could be either convex or
non-convex. Various methods have been developed to solve
the problem. Convex optimization techniques including the
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Newton method and dual variable maximization are stud-
ied in [3]. Heuristic algorithms involving geneticalgorithms
and particle swarm optimization are successfully designedto
solve the non-convex cases. However, these two categories
of methodologies involve an intense centralized computation
that requires global information over the entire power grid.
Undoubtedly, robustness and scalability ofthe centralized
methods would fail to meet the increasing demand in our
modern society. A distributed methodology can provide power
operators with many benefits. For instance, the plug and play
operation of new generators can be added or removed easily
and individual generator failures have no negative impact on
economic dispatch. Therefore, it is necessary to develop a new
methodology totacklethis problem in a distributed way which
only utilizes local information to update itself.

Regarding the distributed approach for solving the economic
dispatch problem, communication between spatial connected
generators is utilized and computations are locally performed.
A distributed dynamical programming based method is de-
veloped in [4], where dynamical constraints of the ramp rate
limits are considered. By considering the valve-point loading
effect and prohibited operating zones, a distributed auction
based algorithm and a heuristic technique for searching a
better solution [5] are designed to address the non-convex
case. Consensus based distributed approaches for economic
dispatch are investigated in [6], [7] and [8]. The authors of
[6] formulate the economic dispatch as an incremental cost
consensus problem, where a penalty-like method is used to
update the Lagrange multiplier. The updating rule needs global
information about the incremental cost of each generator.
In [7], a similar upgrade rule is developed for economic
dispatch with transmission losses. It is worth noting that,
after the projection operation on box constraints, the Lagrange
multiplier may converge to a stable state which does not yield
an optimal solution.

Concerning the large scale deployment of IT infrastruc-
ture in smart grids, the tremendous data exchange would
rapidly make the network load imbalanced and exhaust the
network resources [9]. The power network operators have to
face the communication bottlenecks which lead to unreliable
operations, especially for energy dispatch. If the communi-
cation network is congested, the distributed consensus based
optimization of economic dispatch would fail to converge.
To address this issue,an event-triggered methodology is an
option providing good potential to reduce the message passing
complexity over a network environment [10], where distributed
optimization is studied for the problem of network utility max-
imization. An event-triggered control scheme for sampled data
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control systems and the multi-agent systemsare investigated
in [11], [12] and [13]. For the networked control system, the
optimization technique is used to balance the performance-
security trade-off in [14] and a generalized predictive control
with actuator deadband is applied to an event based control
structure in [15]. Different triggering communications are
considered in [16], where Zeno behaviour of event-triggered
communication is eliminated. Note that Zeno behaviour may
invalidate these distributed optimization algorithms anddete-
riorate the communication network.Concerning on the event-
triggered asynchronous communication, the synchronization
problem of complex dynamical networks is studied in [17]. In
the smart grid scenario, event triggering load frequency control
is developed for multi area power systems with communication
delays in [18]. To further reduce the communication burden,
self-triggered communication enabled control is employedto
synchronize distributed generation in micro-grids.

Previous work on economic dispatch fails to take the
communication issue into account which has the risk of
producing a unreliable solution once the link is congested,
see [4], [5], [6] and [7]. In light of economic dispatch over
a network environment, it is necessary to develop an event-
triggered scheme to solve the problem while reducing the
communication burden. To achieve the goal, we reformulate
the problem via theθ-logarithmic barrier which is able to
guarantee all the outputs under their capacity as well as
exchange information about incremental cost in a completely
distributed way. Then, we divide the reformulated problem
into two procedures. In the first procedure, the output of all
generators is initialized in accordance with the predictedde-
mand. A minimum connected dominating set based distributed
algorithm is applied to allocate the task at the initial stage of
economic dispatch through the generators in different levels.
By this algorithm, the supply-demand balance can always
be satisfied. In the next procedure, a distributed consensus
based optimization algorithm is proposed and the correspond-
ing event-triggered distributed optimization is derived with
the event-triggering criteria. Our event-triggering criteria are
based on asynchronous communication that plays a significant
role in reducing the requirements of data exchange in smart
grids. Self-triggered and event-triggered mechanismscan be
developed to avoid the continuous communication amongst
neighbour generators. As pointed out in [10] and [16], event-
triggeredmechanismscould have a negative impact on the
convergence rate, where the longer time intermittence between
two events leads to a slower convergence. Therefore, a fast gra-
dient based method is designed to accelerate the convergence
rate of event-triggered distributed optimization. It is noticeable
that even though the unexpected link failure appears, the result
produced by the proposed approach is still a feasible solution.
Besides, the accuracy of the solution is adjustable according
to the network resource condition.

This paper is organized as follows. In Section II, the
preliminary of the communication network is introduced and
the problem of economic dispatch is reformulated. Mean-
while, the distributed consensus based algorithm is proposed
to optimize the problem. Section III introduces an event-
triggered distributed optimization scheme to solve the problem

of economic dispatch. The event-triggering conditions are
derived. The convergence rate of the event-triggered scheme
is accelerated by the fast gradient method. The IEEE 57-bus
is used as a case study in Section IV. Conclusions are drawn
in the last section.

II. PROBLEM FORMULATION

In this section, some preliminaries about algebraic graph
theory of communication network are introduced in advance.
Afterwards, the economic dispatch problem is described and
reformulated to derive a fully distributed computational model
through the distributed consensus method.

A. Algebraic Graph Representation of Network

Denote a weighted undirected communication networkas
G = (V , E) with the set of verticesV = v1, v2, · · ·, vN and the
set of undirected edgesE ⊆ V ×V . DefineN = {1, 2, ..., N}.
If there is a communication link betweenvi andvj(i, j ∈ N ),
an undirected edgeEi,j is defined by theelementsof adjacency
matrixesA, i.e. aij = aji > 0. The degree of vertexvi is
di =

∑N

j=1,j 6=i aij , which is the total of the weights between
this vertex and all the other vertices. An undirected graphG
is connected if an undirected path between verticesvi and
vj(i, j ∈ N ) exists.

Assume that the communication network is always con-
nected. The elements of a graph LaplacianW associated with
the graphG are defined bywij = −aij , , i 6= j;wii = di,
which implies

∑N

j=1 wij = 0(i ∈ N ).
A connected dominating set of a graphG is a setD of

vertices, such that,

• Any node inD can reach any other node inD by a route
that stays entirely withinD. D induces a connected sub-
graph ofG.

• Every vertex inG either belongs toD or is adjacent to a
vertex inD.

B. Economic Dispatch Problem

Economic dispatch isaboutshort-term power system oper-
ation of a number of electricity generation facilities, to meet
the predicted total loads at the lowest cost, subject to the
operational constraints [2]. In a power grid, the cost function
of power generation is modelled by

ci(Pi) = αiP
2
i + βiPi + γi, (1)

wherePi is the output of thei-th power generator.αi, βi and
γi are parameters for thei-th power generator. By assuming
a N -generator power grid, the goal of optimal power output
dispatch is to minimize the entire cost of the power grid,

min
Pi

N
∑

i=1

ci(Pi), (2)

s.t.
N
∑

i=1

Pi = PD,

Pi,m ≤ Pi ≤ Pi,M ,
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wherePD is the predicted total power demand of load in this
power grid.Pi,m and Pi,M correspond to the minimal and
maximal capacities of thei-th power generator. Intrinsically,
each power generator should be operated under its capacity
constraint, i.e.Pi ∈ Pi, wherePi denotes[Pi,m, Pi,M ].

Before we propose the event-triggered optimization scheme,
the problem (2) is reformulated by theθ-logarithmic barrier.
Specifically, for a parameterθ > 0, we consider the primal
problem as follow

min
Pi∈Pi

Φ(P ) =

N
∑

i=1

φi(Pi), (3)

s.t.
N
∑

i=1

Pi = PD, (4)

whereP = (P1, P2, ..., PN ). Denote

φi(Pi) = θici(Pi)−
2
∑

r=1

log(hi,r(Pi)),

hi,1(Pi) = Pi − Pi,m, hi,2(Pi) = −Pi + Pi,M .

Note that this function is available only for the box con-
straints strictly satisfied, which implies the trajectory of each
Pi lies in the feasible domain,and refers to the interior
point method. The interior point method is initialized within
a feasible domain and a sufficiently large parameterθi, where
the approximation error of the objective function (3) is upper
bounded by

∑N

i=1
2
θi

. It indicates that whenθi goes to infinity,
the optimal solutionP ⋆

i of problem (3) converges to the global
minimizerP ∗

i of the original problem (2).

C. Distributed Optimization For Economic Dispatch

The Lagrange function of problem (3) is defined by

L(P, λ) =

N
∑

i=1

φi(Pi) + λ(

N
∑

i=1

Pi − PD), (5)

whereλ is the Lagrange multiplier. A centralized optimization
method can simply employ the gradient of the Lagrange
function with respective toPi(i ∈ N ) andλ, respectively.

In order to achieve a global optimal dispatch, the distributed
gradient algorithm is developed to locally update the stateby
considering the communication topologyG, such that

Ṗi(t) = −
N
∑

j=1

wij

∂φj(Pj)

∂Pj

, (6)

wherewij is the element of the weight matrixW , the graph
Laplacian, corresponds to the topology of the underlying
information exchange graphG. t is the time. It is noticeable
that if the initial valuesPi(i ∈ N ) are properly chosen to
satisfy the equality constraint (4), the updating ofλ is not
necessary. BecauseW is symmetric and zero row-sum, i.e.
1
T
NW = 0N , where1N and0N are the vector ofN ones and

zeros, respectively then

1

N

N
∑

i=1

Ṗi(t) = −
1

N

N
∑

i=1

N
∑

j=1

wij

∂φj(Pj)

∂Pj

= 0

which indicates, for anyt ∈ [0,∞),

1

N

N
∑

i=1

Pi(t) = 0,
1

N

N
∑

i=1

Pi(0) = 0, (7)

always holds. As known, whenθi is large,∇φi(Pi) is highly
nonlinear due to the variety of Hessian near the boundary of
the feasible domain. Consequently, it is difficult to minimize
the original problem. However, the problem can be solved in
a stepwise way. The dynamics of the whole process can be
considered as a switching system with respect toPi and a
switching parameterµ. Provided a desired accuracyǫd and
initial θi(0), θi will gradually switch for a sufficient large
number, which promotes the gradient∇φi(Pi) reaching a
consensus. Hence, a distributed consensus based optimization
algorithm can be proposed in Algorithm 1.ζ is a sufficiently

Algorithm 1 Economic Dispatch by Distributed Consensus

1: procedure DISTRIBUTEDCONSENSUS(P0)
2: Initialize ζi(i ∈ N ), Pi(0),K = 1,µ > 1;
3: θi(K) = θi(0) > 0, ǫ(K) = ǫ(0), ǫd;
4: repeat
5: /*Approximately minimize

∑N

i=1 φi(Pi)*/
6: k = 1, tk = T θ

K ;
7: repeat
8: /*ComputingPi in parallel*/
9: Pi(tk+1) = Pi(tk)−ζi

∑N
j=1 wij∇φj(Pj(tk));

10: k = k + 1;
11: until ‖ P (tk+1)− P (tk) ‖≤ ǫ[K]
12: θi(K + 1) = µθi(K), ǫ(K + 1) = µ−1ǫ(K);
13: K = K + 1;
14: until

∑N

i=1
2
θi

≤ ǫd
15: return P ∗

i (i ∈ N );
16: end procedure

small stepsize. Denote the time interval between two state
switching by t ∈ [T θ

K , T θ
K+1). At each subsequent iteration,

1
θi

adaptively decreases in a way that the resultant problem is
ready to solve if the global minimum of its immediate prede-
cessorP ⋆

i = Pi(t) can be available as the new initial point.
Mathematically, the sequence of solutionPi will converge to
the global minimum of the problem in (2).

III. E VENT-TRIGGEREDDISTRIBUTED OPTIMIZATION

SCHEME

As aforementioned, the optimization technique requires the
interior pointsto be the initial values. Thus, a feasible start
point can be guaranteed by a distributed algorithm to allocate
the task of each generator at the beginning of economic
dispatch. And then, the distributed optimization in (6) canbe
implemented successfully to attain the global optimizer.

Considering the nature of economic dispatch,it is executed
about every 15 minutes [19] in accordance with the predicted
demand, which can be recognized as a periodic event-triggered
task distribution. We divide an economic dispatch period into
two parts, see Fig. 1. As shown, economic dispatch is triggered
by the predictive demand event. The periodT 1 initializes
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Fig. 1: Event-triggered distributed optimization scheme of
economic dispatch
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Fig. 2: (a) The minimal connected dominating setDG in L1.
(b) The minimal connected dominating setDB in L2. (c) The
minimal connected dominating setDR in L3. (d) The entire
topology of different levels.

the feasible starting points of each power generator in a
distributed way, which has to guarantee the equality constraint
(8) satisfied at the beginning. The periodT 2 runs an event-
triggered iterative algorithm that enables local information
exchange amongst neighbour generators. In the meantime, the
accumulative sequencePi(t) generated by this algorithm will
converge to the optimal solution of the problem.

A. Event-triggered Distributed Task Allocation Toward Feasi-
ble Initialization

Technically, a fully distributed algorithm for economic
dispatch requires that a technology-enabled strategy provides a
distributed way of matching supply to demand over the entire

time horizon in the power network, such that

N
∑

i=1

Pi(t) = PD, ∀t ∈ [0,∞). (8)

As known, the minimum connected dominating set of a
graph provides the least cost for information exchange and
routing in a network environment, which helps operators
making an economic decision to allocate a task. We sketch
a minimum connected dominating set based procedure [20] to
allocate the initial output of each generator as follows:

• Step 1. Given a connected topology of power network
G, it can be recursively divided into different connected
dominating setsD in terms of different levelsL.

• Step 2. From the top level to the bottom level, task
allocation of each power generator is executed among
adjacent nodes at the same level, where event messages of
information exchange are delivered by immediate nodes
in the predecessor level.

• Step 3.If therearesome new nodes of power generation
that join into the network,then they are connected in
the bottom level and the corresponding nodes of the
predecessor level are notified by event messages, which
does not have any impact on the previous steps. However,
if some nodes in a higher level want to quit from the
network, it is necessary to restartStep 1 and Step 2.
The event messagesare thenpassed to all nodes to
reconstruct all minimum connected dominating sets and
corresponding levels.

We employ the distributed minimum connected dominating
set(CDS) searching algorithm in [21] as a part of our algo-
rithm, such that

(NL ,D) = DistrMiniCDS(G),

whereD, G are all minimum connected dominating sets in
terms of different levels and the graph of a power network.
DenoteNL is the number of total levels in a power network.
SumLj,MIN andSumLj,MAX (j=1,2,...NL) are the summa-
tion of minimal and that of maximal output capacity atj level,
respectively, which can be easily obtained by message routing.
Now, we are ready to introduce Algorithm 2.

To illustrate our algorithms, we take the topology of
IEEE 118-bus test system [22] as an example. There are
54 generators spatially connected into 118-buses. In fact,it
only needs to run 19 generators to meet the load demand
over 24 hours. Assume that 19 dispatchable generators are
connected by a cyber network. First, we use the minimum
CDS searching algorithm to obtainL1, as shown in Fig. 2(a),
where green nodes are connected into a minimal connected
dominating setDG = {10, 25, 26, 49, 54, 61, 65, 66, 80, 100}.
Note that gray nodes inL1 can communicate with green nodes
directly. Second, by removing the gray nodes, a new minimum
connected dominating setDB = {10, 26, 65, 80} is organized
by blue nodes intoL2, see Fig. 2(b). Likewise, by taking
away green nodes, the setDR = {10} is found asL3 in
Fig. 2(c). Finally, the entire topology of different levelsand
the minimum connected dominating set of each level can be
obtained in Fig. 2(d).
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Algorithm 2 Minimal CDS Based Distributed Task Allocation

1: procedure DISTRIBUTEDTASKALLOCATION(G , PD)
2: Initialize Pi = Pi,m, ∀i ∈ G,
3: (NL,D) = DistrMiniCDS(G);
4: k = NL; /*the number of levels*/
5: PD = PD − {SumL1,MIN + ...SumLk,MIN};
6: repeat
7: Ptemp = PD − {SumLk,MAX − SumLk,MIN};
8: if Ptemp > 0 then
9: Pi = Pi,M ∀i ∈ Dk;

10: PD = Ptemp;
11: k = k − 1;
12: else
13: for i ∈ Dk do
14: if Ptemp > Pi,M − Pi,m then
15: Pi = xi + {Pi,M − Pi,m};
16: Ptemp = Ptemp− {Pi,M − Pi,m};
17: else
18: Pi = Pi + Ptemp;
19: Break;
20: end if
21: end for
22: end if
23: until k > 0
24: return P ;
25: end procedure

Each minimal connected dominating set supplies compu-
tational service in each level. At beginning, each node of
power generatorPi is initialized by its minimal power capacity
Pi,m. From L3, Node 10 ofDR is able to check the rest
of mismatched output. If the demand could be satisfied and
completed in this level, Node 10 would communicate with the
other nodes except inDR and allocate the task for them by
event message. Otherwise, all nodes inL3 take their maximal
capacity and pass the rest of the task toL2. Recursively, the
task would be completed by some levels in this distributed
way. Note that if the demand is overloading, the task could
not be executed and the warning message will return.

B. Event-triggered Distributed Optimization

Due to the fact that the communication service amongst
different generators is only available in discrete time instants,
the economic dispatch procedure is involved in continuous-
time optimization and discrete-time communication. To avoid
continuously communicating with neighbours, self-triggered
mechanism for each generator and an event-triggered mecha-
nisms for information exchange over the network are designed.

We defineP̃i(i ∈ N ) as the last known state of thei-
th generator that transmits to the neighbours. Let{T i

s}(s =
1, 2, ...,∞) denote the time instants of self-triggered mech-
anism when the generatori broadcasts its incremental cost
to the neighbours, i.e., fort ∈ [T j

s , T
j
s+1), P̃i = Pi(T

i
s).

Let {T i
e}(e = 1, 2, ...,∞) denote the time instants of event-

triggered mechanism when the generatori broadcasts its

incremental cost to the neighbours, i.e., fort ∈ [T j
e , T

j
e+1),

P̃j = Pj(T
j
e ).

According to the dynamical system in (6), we define the
corresponding discrete dynamical system as follow

Pi(tk+1) = Pi(tk)− ζiwii∇φi(Pi(tk))

−ζi

N
∑

j=1;j 6=i

wij∇φj(P̃j), (9)

wheretk ≥ 0(k = 1, 2, ...,∞). This means that each generator
can sample its own statePi at time instanttk and can only
update the state by using its neighbours’ stateP̃j(j ∈ N )
received by the last communication.ζi(i ∈ N ) is the stepsize
regarding thei-th generator, which is able to avoid Zeno
behaviour.

To derive the event trigger criteria for the system (9), define

zi(k) = −[wii∇φi(Pi(tk)) +

N
∑

j=1;j 6=i

wij∇φj(P̃j)],

z̃i(k) = −[wii∇φi(P̃i) +

N
∑

j=1;j 6=i

wij∇φj(P̃j)],

∇Φ(P (tk)) =
N
∑

i=1

{−zi(k) +

N
∑

j=1;j 6=i

wij(∇φj(Pj(tk))−∇φj(P̃j))}.

Due to the fact thatφi(Pi)(i ∈ N ) is strongly convex, it yields
that li ≤ ∇2φi(Pi) ≤ ui, whereli andui are the lower bound
and the upper bound, respectively. LetM = maxi∈N {ui}. It
gives lower bound and the upper bound as following

Φ(P ⋆) ≤ Φ(P )−
1

2M
‖∇Φ(P )‖2, (10)

whereP ⋆ is the optimal solution of (3). Thus, one has

Φ(P (tk+1)) ≤ Φ(Pi(tk)) +∇Φ(Pi(tk))(ζ · z(k))

+
λmax(W )M

2
‖ζz(k)‖22, (11)

whereλmax(W ) is the maximal eigenvalue ofW .
Define Lyapunov functionV (P (tk)) = Φ(P (tk))−Φ(P ∗),

it gives

∆V (P ) = Φ(P (tk+1))− Φ(P (tk))

≤
N
∑

i=1

{ζizi(k)[−zi(k)

+
N
∑

j=1;j 6=i

wij(∇φj(Pj(tk))−∇φj(P̃j))]

+
λmax(W )M

2
(ζizi(k))

2}. (12)

Note that, for some positive scalarεi,

zi(k)

N
∑

j=1;j 6=i

wij(∇φj(Pj(tk))−∇φj(P̃j))

≤
εi

2
z2i (k) +

[
∑N

j=1;j 6=i wij(∇φj(Pj(k))−∇φj(P̃j))]
2

2εi
.
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We have, for the constantρi ∈ (0, 1),

∆V (P ) ≤
N
∑

i=1

{−ζi(1−
εi

2
−

λmax(W )Mζi

2
)z2i (k)

+
ζi

2εi
[

N
∑

j=1;j 6=i

wij(∇φj(Pj(tk))−∇φj(P̃j))]
2}

≤
N
∑

i=1

{
wiiζi

2εi

N
∑

j=1;j 6=i

w2
ij(∇φj(Pj(tk))−∇φj(P̃j))

2

−ζi(1−
εi

2
−

λmax(W )Mζi

2
)z2i (k)}

≤
N
∑

i=1

N
∑

j=1,j 6=i

{
w2

ijwiiζi

2εi
(∇φj(Pj(tk))−∇φj(P̃j))

2

−
w2

ijζiρi

wii

(1−
εi + λmax(W )Mζi

2
)z̃2i (k)}

−
N
∑

i=1

{ζi(1−
εi

2
−

λmax(W )Mζi

2
)

·(z2i (k)− ρiz̃
2
i (k))}. (13)

By considering of the strong convexityΦ(P ), it yields

∆V (P ) ≤
N
∑

j=1,j 6=i

N
∑

i=1

{
w2

ijwiiζiM
2

2εi
(Pj(tk)− P̃j)

2

−
w2

ijζiρi

wii

(1−
εi + λmax(W )Mζi

2
)z̃2i (k)}

−
N
∑

i=1

{ζi(1−
εi + λmax(W )Mζi

2
)

·(z2i (k)− ρiz̃
2
i (k))}. (14)

If the inequalities

(Pj(tk)− P̃j)
2 ≤

∑N
i=1 w

2
jiζiρiw

−1
ii (2− εi − λmax(W )Mζi)z̃

2
i

M2
∑N

i=1 w
2
jiζiwiiε

−1
i

, (15)

z2i (k)− ρiz̃
2
i ≥ 0, (16)

hold with the stepsizeζi ∈ (0, 2−εi
λmax(W )M ), then∆V (P ) ≤ 0

which implies the system (9) asymptotically converges to the
global minimizer of problem (3).

Therefore, fortk ∈ [tje, t
j
e+1)(e = 1, 2, ...,∞), the generator

j monitorsPj(tk), the communication events are triggered at

t
j
e+1 = inf{ t ∈ [tje + ζj ,∞) | (Pj(tk)− P̃j)

2 ≥
∑N

i=1 w
2
jiζiρiw

−1
ii (2− εi − λmax(W )Mζi)z̃

2
i

M2
∑N

i=1 w
2
jiζiwiiε

−1
i

}.(17)

For tk ∈ [tis, t
i
s+1)(s = 1, 2, ...,∞), the generatori monitors

zi(k), the communication events are triggered at

tis+1 = inf{ t ∈ [tis + ζi,∞) | z2i (k) ≤ ρiz̃
2
i }. (18)

By considering the update of theθi-logarithmic barriers
and the accuracyǫ, for tk ∈ [T θ

K , T θ
K+1)(K = 1, 2, ...,∞),

the updates occurred at

T θ
K+1 = inf{t ∈ [T θ

K ,∞)|(Pi(tk+1)− Pi(tk))
2 ≤ ǫ[K]}. (19)

We remark that condition (18) only relies on the neighbour
generators’ information and their states, which implies itis
a self-triggered mechanism. Each generator executes its own
event-triggering criteria and broadcasts information individu-
ally. Hence, an asynchronous communication can be imple-
mented by the proposed event-triggered scheme to prevent an
undesirably high demand on the communication resources in
smart grids.

C. Accelerated Event-triggered Optimization

When the networked system is large, the convergence rate
of the ordinary first-order gradient method tends to be slow.
In fact, the event-triggered optimization method in (9) may
further degrade the convergence rate. Note that the objective
function (3) is strongly convex with twice differentiable gra-
dient. Intrinsically, a fast distributed gradient method enabling
a better convergence rate of event-triggered optimizationis
desired, which searches the minimizerP ∗

i with the additional
momentum termξ(Pi(tk)− Pi(tk−1)).

For tk ≥ 0(k = 1, 2, ...,∞), the fast gradient based event-
triggered optimization is introduced, such that















Qi(k) = Pi(tk)− Pi(tk−1),
Pi(tk+1) = ξQi(k) + Pi(tk)− ζwii∇φi(Pi(tk))

−ζ
N
∑

j=1;j 6=i

wij∇φj(P̃j),
(20)

where the parameters of momentumξ and stepsizeζ are
determined by

ξ =

(

√

maxi∈N λi(WH∗)−
√

λ2(WH∗)
√

maxi∈N λi(WH∗) +
√

λ2(WH∗)

)2

, (21)

ζ =

(

2
√

maxi∈N λi(WH∗) +
√

λ2(WH∗)

)2

. (22)

H∗ is the Hessian matrix of the objective function(3) at the
optimal solution. By the result in [23], the convergence rate of
the new event-triggered optimization isO( 1

k2 ) which approx-
imately minimizes the objective function(3). The conditions
of the event-triggered optimization are presented in (17),(18)
and (19). The proof is the same procedure as Section III-B
and omitted here.

IV. CASE STUDY

The IEEE 54-bus test system with 7 generators is considered
in a numerical simulation. The parameters of each generation
are given in Table (I) and the topology of the entire power
networks is assumed in Fig. 3(d).
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TABLE I: Parameters of 7 generators in IEEE 57-bus

Generator No. α β γ Pmin Pmax

1 0.0775795 20 0 0 78.78
2 0.01 40 0 0 38
3 0.25 20 0 0 33
6 0.01 40 0 0 45
8 0.0222222 20 0 0 56.5
9 0.01 40 0 0 30.5
12 0.0322581 20 0 0 45

1

2 3

612

9 8

1

2 3

6

2 3
1

2 3

612

9 8

(a) (b)

(c) (d)

Fig. 3: (a) Green nodes inL1. (b) Blue nodes inL2. (c) One
red node inL3. (d) The entire topology of different levels.

A. Minimal CDS Based Distributed Task Allocation Test

To verify the event-triggered distributed optimization
method, the generators of IEEE 57-bus system are initial-
ized by the minimal CDS based distributed task allocation
algorithm, where the predicted demand is 235.26 MW and
the minimal cost is$6036.40.The distributed CDS search-
ing algorithm produces the minimal connected dominating
set in each level as shown in Fig. 3(a)-(c).Specifically,
the sets ofL1, L2, and L3 are {1, 2, 3, 6}, {2, 3}, {2},
respectively.Thus, the initial value of the task isP (0) =
{78.78, 38, 33, 45, 9.98, 30.5, 0}. Note that each node in the
upper level could communicate with the nodes in the lower
level in one hop, which significantly reduce the cost of in-
formation exchange and routing. Meanwhile, some generators
are already operated at the optimal solution, i.e.P ∗

1 = 78.78
MW andP ∗

3 = 33 MW.

B. Performance Evaluation

The performance evaluation on event-triggered distributed
optimization is set up as follows. First, the results of event-
triggered scheme are compared with the classic gradient based
method in Algorithm 1. Letθ = 10, ǫ = 1, ǫd = 10−4 and
µ = 10. Set the stepsizeζ = 0.0003 and randomly choose
ρi ∈ [0.85, 1)(i = 1, 2, ..., 7) for each generator.The topology
parametersλ2 = 0.753 andλmax = 4.5321. Also, the period
of communication is∆T = 0.0003s. The existing algorithms
for economic dispatch, [5] and [6] referred as the periodic

communication based algorithms, are used to compare the
performance.

First, the effectiveness of our proposed algorithm
is verified. To initialize all generators with
P (0) = {58.78, 23, 22, 35, 46.5, 18, 31.98}, the results
of the event-triggered communication based algorithm are
shown in Fig. 4 while those of the periodic communication
based algorithm are given in Fig. 5. As shown, the
trajectories of active power and the incremental cost are
similar, which implies the event-triggered communication
based algorithm has a similar performance to reach the
optimal solution. During the evolution, all values about the
active power always lay in their bounds, which implies
the solutions by theθ-logarithmic barrier method are
always feasible. After 5 seconds, the minimal costs of the
event-triggered communication based algorithm and the
periodic communication based algorithm are$6039 and
$6037, respectively. The number of communications by
the event-triggered communication based algorithm is 7625
while this number by the periodic communication based
algorithm is 1.1667 × 105. Noticeably, the number by the
event-triggered communication based algorithm is much less
than the counterpart by the periodic communication based
algorithm. The communication by the event-triggered based
algorithm makes up only a small proportion (6.54% ) of the
communication by the periodic one, see the details in Figs.
4(c) and 5(c).

Second, to clearly illustrate the good performance in terms
of reducing the number of communications, we define the
relative error

e(tk) =
Φ(P (tk))− Φ(P ∗)

Φ(P ∗)
, k = 1, 2, ... (23)

which measures the accuracy of two algorithms regarding
the optimal solution. All parameters are kept unchanged. The
trade-off between the accuracy of the optimal solution and
the number of communications obtained by two algorithms
is illustrated by Fig . 6 (a). Generally, for both algorithms,
the more number of communications used, the better accuracy
achieved. However, in comparison with the periodic commu-
nication based algorithm, the event-triggered algorithm has a
remarkable less number of communications to achieve the
same accuracy. To achieve the accuracy ofe(t) = 10−1,
e(t) = 10−2 and e(t) = 10−3, the numbers of communi-
cations by the event-triggered algorithm merely are 15, 4237
and 6098, respectively. For the same accuracy requirements,
the numbers of communications by the periodic one needs
1190, 24860 and 37776, respectively. In Fig. 6 (b), the trade-
off between the accuracy and the computational time is given,
where we use a logarithmic scale for the accuracy of the
computational values. Untilt =1.648s, two algorithms almost
has the same performance to reach the same accuracy from
e(0) = 1.126 × 10−1 to e(1.648) = 4.828 × 10−4. After
this time, compared with the periodic algorithm, the event-
triggered algorithm requires more time to achieve the same
accuracy. To converge ate(t) = 4× 10−4, the event-triggered
algorithm needs 4.918s whereas the periodic one only requires
1.655s. This implies if we anticipate an extreme high accuracy,
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Fig. 4: (a) Active power output by the event-triggered commu-
nication based algorithm. (b) Incremental costs of 7 generators
by the event-triggered communication based algorithm. (c)
The time instants of an event with respect to 7 generators
by the event-triggered communication based algorithm.

the event-trigged scheme, i.e. in this case less than10−4, is not
superior to the periodic one in the sense of the computational
time. However, if we only require an acceptable accuracy of
the minimal cost, i.e.10−3, the event-triggered scheme has
significant benefits over the periodic scheme.

Third, the switching parameterǫ plays a significant role
in reducing the number of communications. We consider the
effect of different ǫ on the trade-off between the accuracy
of the optimal solution and the number of communications.
Let ǫ = {0.1, 1, 10, 30}, µ = 12 and keep other param-
eters unchanged. Overall, there is a tendency that, with the
increase of the valueǫ, the number of the event-triggered
communications will grow up. The numbers of the event-
triggered communications with respect toǫ = {0.1, 1, 10}
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Fig. 5: (a) Active power output by the periodic communication
based algorithm. (b) Incremental costs of 7 generators by
the periodic communication based algorithm. (c) The time
instants of an event with respect to 7 generators by the periodic
communication based algorithm.

have a slight difference to achieve the accuracy ofe(t) = 0.02,
which are 1257, 1710 and 2186, respectively. To reach this
accuracy, the number with respect toǫ = 30 dramatically
increases to 3649. As aforementioned for the interior point
method, the switching parameterǫ has an impact on the
number of iterations regarding to the central path. Whenǫ

increases, the iterations of theθ-logarithmic barrier algorithm
will prematurely switch to the next stage from the boundaries
of the feasible domain, which finally increases the number of
the event-triggered communication.

C. Accelerated Event-triggered Economic Dispatch

To verify the advantage of accelerated event-triggered eco-
nomic dispatch, let the total energy demand be 235.26 MW
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Fig. 6: (a) The trade-off between the relative errors and the
number of communications. (b) The trade-off between the
relative errors and the computational timet.
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Fig. 7: The trade-off between the relative errors and the
number of communications in terms of differentǫ.

and all generators will run to meet the demand. Thus, the 7
generators cooperatively generate active power until theyreach
a consensus, which is the optimal status of power output for
the entire power network.Let θ = 10, ǫ = 1, ǫd = 10−4 and
µ = 10. We randomly chooseρi ∈ [0.9, 1)(i = 1, 2, ..., 7)
for each generator. The topology parametersλ2 = 0.753 and
λmax = 4.5321. The parameters of the momentum term are
computed by (21), i.e.ξ = 0.6703 andζ = 0.0002. As shown
in Fig. 8, the results by accelerated event-triggered economic
dispatch is significantly faster than that by the periodic coun-
terpart with the same stepsize and the same event triggering
parameterρi(i = 1, 2, ..., 7), where the optimal solution
is P ∗ = {78.78, 7.3267, 33, 7.3266, 56.5, 7.3267, 45}. The
convergent time of the incremental cost by the event-triggered
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Fig. 8: (a) Active power output by event-triggered economic
dispatch. (b) Incremental cost by event-triggered economic
dispatch. (c) Active power output by accelerated event-
triggered economic dispatch. (d) Incremental cost by accel-
erated event-triggered economic dispatch.

communication based economic dispatch is less than 0.7s
while this time of the incremental cost by the periodic com-
munication based economic dispatch is more than 2s.

D. Plug and Play Test

Plug and play is critical for modern power networks. This
is because the renewable energy may participate into or leave
from the economic dispatch arbitrarily.We will illustrate this
characteristics of our accelerated event-triggered economic
dispatch by athree-phaseexperiment. Similarly, the demand
is 235.26 MW and all other parameters are kept unchanged. In
the first phase,G12 is disconnected in the time interval[0, 2).
Afterward, it participates in the entire network in the second
phase. In final phase,G6 is deleted from the entire network.
The minimal CDS based distributed task allocation algorithm
is used to reallocate the initial values at the beginning of
each stage.As depicted in Fig. 9, the incremental cost of
the generators could reach a consensus in all stages while
the supply-demand balance is always guaranteed within this
three-phase running.

V. CONCLUSION

In this paper, the event-triggered communication based
scheme for economic dispatch has been investigated. The inte-
rior point method has been employed where theθ-logarithmic
barrier is used to reformulate the cost function. A distributed
algorithm has been designed to allocate the task of supply-
demand balance for the whole power networks in advance.
Hybrid event-triggered communication mechanismsare de-
veloped to minimize the objective function in a distributed
way. Moreover, the fast gradient method has been utilized to
accelerate the convergence rate of the distributed optimization.
This method provides a safety technique that all the generators
are running below their capacity with lower communication
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Fig. 9: (a) Active power output in plug and play. (b) Acceler-
ated event-triggered economic dispatch of incremental cost in
plug and play. (c) Supply-demand balance in plug and play.
(d) The total cost in plug and play.

requirements. Meanwhile, the perfect supply-demand balance
is always guaranteed over the entire time horizon in the
electricity market bythe proposed event-triggereddistributed
optimization. The results show that there is a trade-off between
the accuracy of the optimal solution and the number of
communications. The power operators of economic dispatch
can balance the trade-off depending on the network resource
condition.Further research will concentrate on a more compli-
cated economic dispatch problem, i.e. power losses and non-
convex cost functions. Also, the corresponding event-triggered
communication mechanisms will be studied.
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