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Abstract 

The goal of this paper is to suggest a three mathematical model description of the Lotka-Volterra competition model type that 

could be used in understanding the action of radiation when the cancerous cells, the healthy cells and the cells that are triggered 

by the immune cells interact with each other. In order to do that, we analyze the model where there is only an interaction between 

the cancer and the normal cells. We extend the model to include immune response cells. Finally, we examine the effects of 

radiation therapy according to three different mathematical models. 
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1. Introduction 

Cancer is among the top causes of death in many countries. 

According to the World Health Organization (WHO), more 

than 8 million people died in 2012 because of cancer. Among 

them, the leading causes of death in men are prostate cancer 

followed by those affecting the tissues of the bronchi and 

lungs. In women, cancer of the breast, cervix, bronchus and 

lung are the leading causes. 

Remember that cancer is a disease that is caused by 

abnormal cells dividing uncontrollably and invading other 

tissues. The nomenclature of the disease is usually derived 

from where the original cancerous tissue starts. While it is true 

that the best cancer treatment is an early diagnosis, there is no 

cure for all the 200 presently existing different types of cancer. 

These abnormalities may be due to genetic factors or 

environmental factors due to exposure to radiation, chemicals, 

and so on. 

At the present time, surgery, radiotherapy, chemotherapy 

and immunotherapy are being used as the main lines of attack 

against the various cancers. The choice of the treatment is 

predicated on the type and location of the cancer. 

Cancer can be viewed as a system where the cancer cells 

and the normal cells compete for nutrients from the tissues 

where they are lodged in the body. In those patients who have 

cancer and do not have any treatment to mitigate the disease, 

there is very little hope of a long life. The cancer cells will 

eventually invade and conquer the healthy tissues. 

In the scientific literature, the equations of the 

Lotka-Volterra type incorporate competition and they can 

provide a mathematical model that is used to study the 

population dynamics between species competing for a 

common resource [1, 2, 3]. We suggest that a similar 

mathematical model can be used to study the interaction of 

cancer cells, healthy cells and the cells that are triggered by the 

immune system. All of the cells compete for the same space 

and resources in an individual even when a treatment such as 

radiotherapy is applied. 

2. Main Body 

First, we studied a mathematical model without any 

treatment and later we examined the effects of radiation. 

Mathematical model without any treatment 

The equations of the Lotka-Volterra type are used to 

describe the competition for nutrients between cancer cells, 

normal cells and activated immune cells. These cells will be 

denoted as C, N, and T respectively. The population of each of 

the cells will depend upon time t. We consider that the cells 

can't spread to other parts of the body, ie., metastasis is not 

present. 
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According to the arguments set forth by Galindo et al [4] 

and Liu and Yang [5] among others, the following system of 

equations. The simplest mathematical approach to describe 

the dynamics of cancer is to consider the interaction of the 

cancer cells and the healthy cells employing the 

Lotka-Volterra equations. With this simple model, we 

describe the methodology to find the critical points and 

with this result, we determine its stability. Finally, we will 

include the effect of radiotherapy to combat the cancer 

cells. 

The simplest model of the interaction of cancerous and 

healthy cells is given by the equations of Lotka-Volterra, 

where no treatment stage and without other immune 

responses. For this simple case, the equations are: ���� = k��1 − �	 − 
�� ≡ � 

���� = ���1 − �	 − ��� ≡ �          (1) 

The first equation in (1) indicates that the growth of 

tumor cells is a logistical growth whereas the rate of loss 

results from the competition between the cancer cells and 

the normal cells according to the numerical value of the 

coefficient a. The second equation indicates that a normal 

cell is also determined from a logistical growth with a 

growth rate given by the coefficient c and the coefficient d 

represents the rate that the tumor cells are activated by the 

normal cells. 

From this system, we observe that for the cancer cells 

that increase in the first equation, the coefficients must 

satisfy the requirement that a < k. For the case that d > c, the 

cancer cells are predominant over the normal cells. 

The next step is to obtain the Jacobian (J) i.e. the partial 

derivatives of the differential equations evaluated at each of 

the critical points. The Jacobian matrix of the system 

described by (1) is: 

� = ����� �������� ���� � =  ���1 − 2�	 − 
� −
�−�� ��1 − 2�	 − ��� 

The critical points are obtained when X1 = 0 and X2 = 0. 

When resolved this system, we obtain four critical points: 

(C=0, N=0), (C=1, N=0), (C=0, N=1) and (C=c (k-a)/q, N=k 

(c-d)/q), where q ≡ ck-ad. The first critical point corresponds 

to the absence of cancerous and healthy cells. The second 

critical point is when only cancer cells exist, the third critical 

point is when only healthy cells without cancer are present, 

while the last case corresponds to the equilibrium between 

both cells. 

To determine if the critical point is stable, it is necessary to 

calculate the Jacobian of the system evaluated for each critical 

point. We obtain: 

�� = �� 00 �� 

�� = �−� −
0 � − �� 

� = �� − 
 0−� −�� 

�! = � ���
 − �	�� − 
� 
��
 − �	�� − 
����� − ��	�� − 
� ���� − ��	�� − 
� � 

where J1, J2, J3, and J4 are the Jacobian matrices evaluated for 

each critical point respectively. 

Finally, the stability of the system is determined according 

to the sign of the root obtained when we calculate the 

determinant of the Jacobian matrix evaluated for each critical 

point. The first critical point is: 

�"� �� − λ 00 � − λ
� = 0 

and the solution λ� = �, λ� = � (where λ�  represent the 

eigenvalues for the first critical point). Both k and c are positive 

and therefore, the critical point (C=0, N=0) is instable. 

Repeating this procedure for J2, and J3, we obtain: 

λ� = −�, � − � 

λ = � − 
, −� 

The eigenvalue λ! is more complicated and it is omitted in 

this work. The second critical point is stable for c < d, and the 

third critical point is stable when k < a. 

Extension of the model to include immune response cell 

In this model, we include a third equation that indicates the 

interaction between the immune cells and the tumor cells 

using specific antigens. To describe this interaction, we add 

two coefficients. The first coefficient g represents the rate of 

tumor cells that are killed by the action of the effector cells of 

the immune system and the coefficient h indicates the rate of 

natural death that is present in the effector cells [6]. The 

equations are: ���� = k��1 − �	 − 
�� − $�% 

���� = ���1 − �	 − ���                (2) �%�� = "�%�� + '	 − (�% − ℎ% 

It is important to indicate that the first equation in (2) 

includes a term that represents the decrease of the cancer cells 

due to the action of the effector cells of the immune system 

with respect to the cancerous cells and it is described with the 

coefficient b. 

At this point, it is necessary to define the values of the 

coefficients in order to determine the stability of the system of 

equations. In order to do that, we selected values that conform 

with previous studies [4, 5]. 
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Fig. 1. Numerical integration of the systems of differential equations using the 

library tool scipy in the Python programming language. The initial conditions 

are C(t=0)=3, N(t=0)=2 and T(t=0)=1. (a) Solutions of the system of 

equations (2) without radiotherapy. (b) Solutions of the system of equations (3) 

with a single dose of radiation that has a constant value and equal to γ = 0.3. 

A numerical solution of the system of equations (2) is 

shown in Figure 1a where the cancer cells are indicated with 

asterisks and the healthy cells are indicated with the green 

color with the coefficients: a, b, c, d, e, f, g, k and h having the 

numerical values of 1.0, 2.5, 0.6, 1.5, 4.5, 1.0, 0.2, 1.0 and 0.5 

respectively. The effector cells are indicated in red with the 

initial conditions 

C (t = 0) = 3, N(t = 0) = 2 and T(t = 0) = 1. 

This model does not address metastasis or the spread of the 

cancer cells. Once they have reached their life, their number 

remains constant. 

It is interesting to note that these equations which are of the 

Lotka-Volterra type tend to lead to a chaotic behavior as 

indicated by Gilpin [7] and Armeodo et al [8] among others. 

However, the chaotic behavior depends upon the proper 

selection of the coefficients in the system of equations. 

To study the dynamics of the system, it is necessary to 

determine the equilibrium points of the system from the 

equations described in (2). The procedure to obtain the 

numerical values for the eigenvalues and critical point of the 

system of equations is as follows. First, we obtained the 

critical points of the differential equation (2), and denoted 

with the letter E. We obtained the following critical points: 

(C=0, N=0,T=0), (C=1,N=0,T=0), (C=0,N=1,T=0), 

(� = *+,-**+,-� , � � +�*,�	*+,-� , % � 0	, and so on. 

The next step is to obtain the Jacobian matrix of the system 

described by (2) and evaluate the Jacobian at each critical 

point. For example, we show the Jacobian matrix for the first 

three critical points, ie., 

�.� � /� 0 00 � 00 0 �)0  
�.� � ��� �
 �$0 � � � 00 0 "' & 1 � ) � (� 

�. � /� � 
 0 0�� �� 00 0 �)0 

where the critical points are indicated with the letter E. 

Finally, we obtain the eigenvalues at these points specified 

with λ and determined with the python program employing the 

scipy and numpy modules according to Blanco-Silva [9]. We 

indicate the critical points with the symbol E and obtain the 

following eigenvalues: 

E1=(0,0,0): 

λ� � �0.50, λ� � 0.60, λ � 1.00 

E2=(1,0,0): 

λ� � �1.0, λ� � �0.90, λ � 1.55 

E3=(0,1,0)= E4:      λ� � 0.0, λ� �  �0.6, λ � �0.5 

E5=(18.87,0,-7.15):      λ� � �14.48,  λ� � �4.39, λ �  �27.70 

E6=(0.13,0,0.35):  

λ� � �0.61i � 0.07, λ� � 0.61i � 0.07, λ �  0.40 

E7=(18.87,-46.17,11.32): 

λ� � 6.32 � 26.3i, λ� � 6.32 & 26.3i,     λ �  �3.81 

E8=(0.13,0.67,0.08):  

λ� � 0.04 & 0.24i, λ� � 0.04 � 0.24i,     λ �  �0.61 

As shown above, the critical points E1 to E4 are at T = 0. 

This means that there is no interaction between the immune 

cells and the cancer cells. Only the critical point E5 is stable. 

The eigenvalues E6 to E8 are complex indicating an 

interaction. 

In the following section, we will repeat the same 

mathematical and computational procedure when a radiation 

treatment is applied. 

Model with a radiation treatment 

In this section, we study three mathematical models when 

radiotherapy is applied to kill the cancer cells. The first model 

is the simplest and when radiotherapy is applied directly to the 

cancer cells to kill them without affecting the neighboring 

healthy cells or the immune system. The second case which is 

more realistic is the case when both the healthy cells and the 

cancer cells are affected by the radiotherapy. Finally, a 

feedback type system model where there is an interaction 

between the cancer cells and the healthy cells is analyzed. 
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First ideal radiation model 

The radiation therapy is modeled with a constant factor and 

it only affects the cancer cells. This value is controlled with 

the coefficient :. Therefore, the system of equations is: ���� � k��1 − �	 − 
�� − $�% − :� 

���� = ���1 − �	 − ���                 (3) �%�� = "�%�� + '	 − (�% − ℎ% 

The numerical solution of the equation system (3) is shown in 

Figure 1b where we have assumed a value of γ = 0.3 when the 

radiation is applied at the time t = 0. It is interesting to note a 

decrease of the cancer cells with a single application of 

radiotherapy. This does not continue with other selections for the 

value of the radiotherapy as the cancer cells return after t = 60. 

The cancer cells do not propagate but remain a constant in time. 

The results are shown after evaluating the system of equations 

according to the procedure described above and is indicated with 

a superscript "1" to indicate that it is the first model that is being 

examined (we omit the terms of the Jacobian and only present the 

critical points and the values of the eigenvalues): E�� = (0, 0, 0): λ� = 0.6, λ� = 0.7, λ = −0.5 E�� = (0.7, 0, 0): λ� = 1.21, λ� = −0.45, λ = −0.7 E � = (0, 1, 0):  λ� = −0.3, λ� =  −0.6, λ = −0.5 E!� = (0.20, 0.5, 0): 

λ� = −0.64, λ� = 0.14, λ = 0.21 E<� = (18.87, 0, -7.27): 

λ� = −14.37, λ� = −4.5, λ = −27.70 E=� = (0.13, 0, 0.23): 

λ� = 0.49i − 0.07, λ� = 0.40, λ = −0.49i − 0.07 E>� = (18.87, -46.17, 11.20): 

λ� = 6.30 − 26.31i, λ� = 6.30 + 26.31i, λ = −3.77 E?� = (0.13, 0.67, -0.04): 

λ� = −0.11, λ� = −0.68, λ = 0.25 

Only the critical point @ �  is stable and @=�,  @>�  are 

complex values. 

Second model with a radiological treatment 

It is also possible to modify the equations given in (3) to 

consider the case that a small percentage of healthy cells is 

affected by the radiation and that a certain percentage is 

proportional to a constant value that is indicated with the 

coefficient p. The new system of differential equations with 

this new approach is: ���� = k��1 − C	 − 
�� − $�% − :� 

���� = ���1 − N	 − ��� − C:�          (4) 

�%�� = "�%�C + '	 − (�% − ℎ% 

The critical points are symbolized with a superscript "2." 

The numerical results using this new approach are (where we 

have chosen p = 0.3): 

@�� = (0, 0, 0): λ� = 0.51, λ� = 0.70, λ =  −0.50 @�� = (0.7, 0, 0): λ� = 1.21, λ� = −0.54, λ = −0.7 @ � = (0, 0.85, 0):  λ� = −0.51, λ� =  −0.15, λ = −0.5 @!� = (0.1, 0.6, 0): 

λ� = −0.56, λ� = 0.97, λ = −0.11 @<� = (18.87, 0,-7.27): 

λ� = −14.37, λ� = −4.50, λ = −27.79 @=� = (0.13, 0, 0.23): 

λ� = −0.49i − 0.07, λ� = 0.49i − 0.07, λ = 0.31 @>� = (18.87, -46.32, 11.26): 

λ� = 6.36 − 26.35i, λ� = 6.36 + 26.35i, λ = −3.79 @?� = (0.13, 0.52, 0.02): 

λ� = 0.10i + 0.05, λ� = −0.10i + 0.05, λ = −0.54 

The critical point @�� is a saddle point. The critical point @ � is stable, and @=�, @>�, @?� are complex values. 

The third model with a radiation treatment 

This model considers an action type of feedback to simulate 

a possible feedback between cancerous and healthy cells. This 

model was proposed by Belostotski [10]. This model is given 

by the following system of equations: ���� = kC�1 − �	 − 
�� − $�% − : �� 

���� = ���1 − �	 − ���                (5) 

�%�� = "�%�C + '	 − (�% − ℎ% 

As in the previous cases, the superscript "3" represents the 

third model and it is being evaluated with γ = 0.15. The critical 

points are: @�  = (0, 1, 0): λ� = −0.15, λ� = −0.6, λ =  −0.5 @�  = @   = (0.2, 0.5, 0): 

λ� =  −0.50, λ� = 0, λ =  0.21 

Only the critical point @�  is stable and @� =  @  . 

3. Conclusion 

This study evaluated three possible dynamic models of the 

interaction between cancer cells, normal cells and cells that 

are triggered by the immune system cells when radiotherapy is 

or is not applied to control the cancer cells. Figure 1b shows 

that there is a decrease in the number of cancer cells when 

radiation is applied. Using the prescribed dose, we show that 

one dose may not be sufficient and more treatments must be 

applied until the cancer cells are killed. 

While it is true that this figure only represents preliminary 

results that have been obtained from an ideal case, we believe 

that the models may lead to further investigations. 
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