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Abstract Novel chaotic system designs and their
engineering applications have received considerable
critical attention. In this paper, a new three-dimensional
chaotic system and its application are introduced.
The interesting aspects of this chaotic system are
the absence of equilibrium points and the coexisting
of limit cycle and torus. Basic dynamics of the no-
equilibrium system have been executed by means of
phase portraits, bifurcation diagram, continuation, and
Lyapunov exponents. Experimental results of the elec-
tronic circuit realizing the no-equilibrium system have
been reported to show system’s feasibility. By using
the chaoticity of the new system without equilibrium,
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we have developed a random bit generator for prac-
tical signal encryption application. Numerical results
illustrate the usefulness of the random bit generator.
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1 Introduction

A great deal of previous research into nonlinear sci-
ence has focused on chaotic systems and related topics
[1,2]. For example, multiscroll attractors in jerk cir-
cuits and their verification were reported in [2], con-
trolling a chaotic resonator was implemented bymeans
of dynamics track control [3], memory in the brain
wasmodeled by using chaotic artificial neural networks
[4], or switch between chaotic and periodical states by
resetting the initial values was investigated in [5]. In
general, conventional three-dimensional autonomous
chaotic systems are able to be classified according to
their equilibrium points. Some typical types of chaotic
systems are systems with two unstable saddle-foci [6–
9], systems with one saddle and two unstable saddle-
foci [10,11], and systems with one saddle and two
stable node-foci [12–14]. Chaoticity of such systems
has been used in different applications including high-
resolution radar [15], stream cipher for smartphones
[16], color image encryption [17], path planning for
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autonomous mobile robots [18], and secure communi-
cation schemes [19–22].

Although there are a large number of published stud-
ies describing chaotic systems with a countable num-
ber of equilibrium points [23], chaotic system without
equilibriumhas been subject to considerable discussion
recently [24]. Wei proposed a six-term chaotic system
without equilibrium by adding a perturbation to the
SprottD system [25].A seven-termchaotic systemwith
no equilibrium was reported in [26]. Jafari et al. pre-
sented a catalog of no-equilibrium chaotic flows with
various terms ranging from five to twelve [27]. A no-
equilibrium chaotic system with ten terms was intro-
duced in [28]. Based on this system, authors developed
a random generator for video encryption application
[29]. A conservative six-term system without equilib-
rium having multiscroll chaotic sea was proposed by
Jafari et al. [30]. By introducing additional functions
into Sprott A system, authors got two no-equilibrium
systems with multiscroll hidden attractors [31].

It is worth noting that no-equilibrium systems are
classified as systems with ‘hidden attractors’ [32–34].
Common numerical procedures cannot apply for local-
izing hidden attractors due to the fact that their basins
of attraction do not contain neighborhoods of equilib-
rium points [24,35]. The connection between multista-
bility and hidden attractors has been reported in dif-
ferent practical dynamical systems such as Van der
Pol–Duffing oscillators [36,37], impulsive Goodwin
oscillator [38], or multilevel DC/DC converter [39].
Such unpredictable attractors should be identified to
avoid the sudden change to undesired behavior [24].
Therefore, researchers have shown an increased inter-
est in systems with hidden attractors recently [40–
42]. In particular, investigating multistability in no-
equilibrium chaotic systems has received considerable
critical attention [43,44].

Motivated by undiscovered features of systems with
hidden attractors, we introduce a new no-equilibrium
chaotic system and its practical chaos-based applica-
tion in the present work. The rest of this work is
organized as follows. The next section describes the
mathematical model of the new no-equilibrium sys-
tem. Dynamical properties and circuit realization of
the system are investigated in Sects. 3 and 4, respec-
tively. Section 5 presents a random number generation
(RNG) using the chaoticity of new no-equilibrium sys-
tem while a signal encryption application is reported in
Sect. 6. Conclusions are drawn in Sect. 7.

2 Model of the new no-equilibrium system

Auseful approach for investigating newno-equilibrium
systems was introduced by Jafari et al. [27]. Authors
constructed general three-dimensional (3D) forms and
applied a systematic search to get algebraically sim-
plest cases. Based on this approach, we consider the
general system described as

⎧
⎨

⎩

ẋ = y,
ẏ = z,
ż = k1xy + k2xz + k3yz + k4y3 + k5z3 + k6,

(1)

where x , y, z are three state variables and ki are adjust-
ing parameters. It is noted that we select k6 �= 0. In
general system (1), there are cubic nonlinear terms,
which have appeared in various chaotic systems in the
literature [45–48].

Weget the equilibriumof general system (1) by solv-
ing three equations

y = 0, (2)

z = 0, (3)

k1xy + k2xz + k3yz + k4y
3 + k5z

3 + k6 = 0. (4)

By substituting Eqs. (2) and (3) into Eq. (4), we have

k6 = 0. (5)

Equation (5) is inconsistent because of the parameter
k6 �= 0. In other words, general system (1) possesses
no-equilibrium point.

By applying a search routine into general system (1),
we can find simple systems with chaotic behavior. In
this work, we focus on a simple case with the following
set of parameters

⎧
⎪⎪⎨

⎪⎪⎩

k1 = k5 = 0,
k2 = k3 = −1,
k4 = −a,

k6 = −b,

(6)

where a, b are two positive parameters (a, b > 0).
Therefore, general system (1) becomes

⎧
⎨

⎩

ẋ = y,
ẏ = z,
ż = −xz − yz − ay3 − b,

(7)
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Fig. 1 Phase portraits of system (7) for a = 0.49, b = 0.75,
and initial conditions (x (0) , y (0) , z (0)) = (0, 3, 0) in a x − y
plane, b x − z plane, and c y − z plane

It is easy to see that system (7) is a six-term system
without equilibrium.

It is interesting to note that chaotic behavior has
been observed in no-equilibrium system (7) with two
parameters a = 0.49, b = 0.75 and the initial con-
ditions (x (0) , y (0) , z (0)) = (0, 3, 0). As shown
in Fig. 1, system displays chaotic attractors without
equilibrium. In this case, Lyapunov exponents of no-

equilibrium system (7) are L1 = 0.034, L2 = 0, and
L3 = −0.173. For calculating Lyapunov exponents,
we used the algorithm proposed byWolf et al. [49], the
computational time T = 10, 000, and the initial con-
ditions (x (0) , y (0) , z (0)) = (0, 3, 0). Remarkably,
the computation of Lyapunov exponents can be done
only for finite time (which is limited by the shadowing
theorem and precision of the computation). Computa-
tions of Lyapunov exponents and Lyapunov dimension
should be considered seriously [50–52].

3 Dynamics of the new no-equilibrium system

The value of bifurcation parameter a is increased
from 0.48 to 0.52 to investigate the dynamical behav-
ior of new no-equilibrium system (7). The bifurca-
tion diagram of no-equilibrium system (7) is presented
in Fig. 2. Corresponding Lyapunov exponents of no-
equilibrium system (7) are reported in Fig. 3. From
Figs. 2, 3, it is easy to see that system displays dif-
ferent behavior when varying a. There are windows
of chaos, limit cycle, and torus. For instance, period-1
oscillation and torus of no-equilibrium system (7) are
illustrated in Fig. 4.

It has been suggested that multistable systems refer
to systems having different states for a given set of
system parameters [53]. Multistable systems ranging
from power system model, neural networks, two cou-
pled van der Pol oscillators, rigid body motion to sim-
ple autonomous jerk system have been reported [54–

Fig. 2 Bifurcation diagram of system without equilibrium
(7) when varying the bifurcation parameter a in the range
[0.48, 0.52] for b = 0.75 and the initial conditions
(x (0) , y (0) , z (0)) = (0, 3, 0)
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Fig. 3 Lyapunov exponents of no-equilibrium system (7) for
b = 0.75 and the initial conditions (x (0) , y (0) , z (0)) =
(0, 3, 0)
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Fig. 4 Different behaviors of systemwithout equilibrium (7) for
b = 0.75 and initial conditions (x (0) , y (0) , z (0)) = (0, 3, 0)
when varying the parameter a: a periodic behavior (a = 0.515)
and b quasiperiodic behavior (a = 0.5)

59]. Recently, there has been interest in discovering
multistability of no-equilibrium chaotic systems [30].
The coexistence of multiscroll chaotic sea and a hidden

Fig. 5 Continuation of system without equilibrium (7) (red
color) when increasing the parameter a from 0.48 to 0.52 for
b = 0.75. The continuation starts with the initial conditions
(x (0) , y (0) , z (0)) = (0, 3, 0). Here we keep the bifurcation
diagram (black color) to show coexisting parts. (Color figure
online)

torus was found in [30]. Zuo and Li [43] presentedmul-
tiple chaotic attractors in a no-equilibrium system with
six terms. Coexisting hidden chaotic attractors were
observed experimentally by implementing electronic
circuit [44]. Here in order to investigate the multista-
bility of no-equilibrium system (7),we consider its con-
tinuation which is presented by red color in Fig. 5. The
continuation of system (7) is obtained by increasing the
value of parameter a and starting with the initial condi-
tions (x (0) , y (0) , z (0)) = (0, 3, 0). As shown in Fig.
5, no-equilibrium system (7) has coexisting attractors.
The coexistence of limit cycle and torus is illustrated
in Fig. 6. Moreover, basin of attraction of the system is
reported in Fig. 7.

In addition, both forward and backward strategies
have be applied to produce bifurcation diagrams for the
parameter b in order to uncover domains of hysteretic
dynamics (see Fig. 8). Similarly, as shown in Fig. 8,
there is the presence of coexisting attractors.

It is noted that system without equilibrium (7) is
a jerk system [60,61]. Different chaotic jerk systems
were introduced and studied [62–67]. Jerk systems are
simple, but can exhibit multiscroll chaotic attractors
[2,68,69]. Recently, coexistence of attractors has been
found in a simple autonomous jerk systemswith a cubic
nonlinear term [70] and a jerk system with hyperbolic
sine nonlinearity [59]. However, there are a few works
related to the issue of multistability in jerk systems
without equilibrium.
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Fig. 6 Coexisting hidden attractors of no-equilibrium system
(7) for a = 0.497, b = 0.75: a limit cycle (initial conditions
(x (0) , y (0) , z (0)) = (−1,−2, 1)), b torus (initial conditions
(x (0) , y (0) , z (0)) = (0, 3, 0))

Fig. 7 Basin of attraction of no-equilibrium system (7) in the
plane z = 0 for a = 0.497, and b = 0.75. The initial conditions
in the yellow region lead to unbounded orbits, those in the dark-
blue region lead to periodic dynamics, and those in the light-blue
region lead to quasiperiodic dynamics. (Color figure online)

Fig. 8 Bifurcation diagrams of system without equilibrium (7)
fora = 0.49when changing the parameter b byusing the forward
strategy (red color) and the backward strategy (black color).
(Color figure online)

4 The electronic circuit implementation of the 3D
no-equilibrium chaotic system

Circuit implementation of a theoretical chaotic sys-
tem is a practical way to verify its feasibility [71–73].
For this reason, we present the implementation of new
no-equilibrium chaotic system by using common elec-
tronic components in this section.

4.1 Scaling of the 3D no-equilibrium chaotic system

Due to the electronic materials limitations, the voltage
values of no-equilibrium chaotic systems are reduced
by scaling. The x , y, and z values in the interval of
(−15, 30) are shown in Fig. 1. There is no need rescale
x , y values due to in the interval of (−15, 15) which
are electronic materials limitations. But the value of z
needs to be scaled for real-time applications.

For scale operation, let X = x , Y = y, and Z = z/2
and then set the original state variables x , y, z instead
of the variables X , Y , Z . As a result, the scaled no-
equilibrium chaotic system is given by

Ẋ = Y
Ẏ = 2Z

Ż = −X Z − Y Z − aY 3

2 − b
2

(8)

It is easy to verify that the simulation outputs of the
original no-equilibrium chaotic system and the simula-
tion outputs of the scaled no-equilibrium chaotic sys-
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Fig. 9 Electronic circuit schematic of the scaled no-equilibrium
chaotic system

tem are similar. In other words, scaling process is real-
ized successfully. After this process, we can execute
the electronic circuit applications on the oscilloscope
or in ORCAD-PSpice.

4.2 Circuit implementation of the scaled
no-equilibrium chaotic system

The electronic circuit schematic of the scaled chaotic
systemwithout equilibrium is given in Fig. 9. As shown
in Fig. 9, the designed circuit includes only com-
mon electronics components: ten resistors, five oper-
ational amplifiers, four analog multipliers, and three
capacitors. Experimental electronic circuit of the scaled
chaotic system without equilibrium was designed for
parameters a = 0.49, b = 0.75, and the initial condi-
tions (x (0) , y (0) , z (0)) = (0, 3, 0).

The TL081 operational amplifiers and the AD633
multiplierswere used in the electronic circuit, and R1 =
400 k�, R2 = 220 k�, R3 = 16 M�, R4 = 16.3 k�,
R5 = R6 = 40 k�, R7 = R8 = R9 = R10 = 100 k�,
C1 = C2 = C3 = 1 nF, Vn = −15 V, V p = 15 V
were chosen. The scaled no-equilibriumchaotic system
was realized on electronic card in Fig. 10.

The ORCAD-PSpice simulation outputs and oscil-
loscope outputs of the scaled system are shown in

Fig. 10 Experimental circuit of the scaled no-equilibrium
chaotic system

Figs. 11 and 12. The outputs show that results of the
scaled chaotic system without equilibrium verify the
ORCAD-PSpice and oscilloscope results.

In this work, the simulation of the no-equilibrium
system in ORCAD-PSpice is used to verify the result
of ordinary differential equation simulation. However,
it is worth noting that in contrast to experiments with
real circuits, such SPICE simulation is also subject to
computational errors andmay lead towrong results and
conclusions, especially in the case of hidden attractors
[74–77]. For example, limitations of phase-locked loop
circuits’ simulation in SPICE have been reported in
[77].

5 RNG design with 3D no-equilibrium chaotic
system

The chaotic systems are used in random number gen-
eration (RNG) as entropy source because they are
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Fig. 11 Phase portraits of scaled no-equilibrium chaotic system
with a = 0.49 and b = 0.75 in ORCAD-PSpice

complex and very sensitive [78,79]. In this section,
RNG design process which passed NIST-800-22 was
realized. After that signal encryption application was
realized with designed RNG. The 3D no-equilibrium
chaotic system which is described in the paper was
used for RNG design process. The RNG design steps
are shown in Algorithm 1 as pseudocode.

Algorithm 1 RNG design algorithm pseudocode
1: Start
2: Entering parameters and initial condition of chaotic
system
3: Determination of the value of �h
4: Sampling with determination �h value
5: while (least 1 M. Bit data) do
6: Solving the chaotic system with RK4
7: Convert float to binary number (32 bit)
8: Select the bits from ‘x’ (LSB - 12 bit) from 32
bit binary number
9: end while
10: The implementation of NIST Tests for 1 M. Bit
data
11: if test results == pass then
12: Successful results (Ready tested 1 M. Bit data)
13: RNG applications (Cryptology, data hiding,
watermarking, etc..)
14: else (test results == false)
15: return the previous steps and generate bits again
16: end if
17: End
As shown in Algorithm 1, firstly, the parameters and

Fig. 12 Phase portraits of scaled no-equilibrium chaotic system
with a = 0.49 and b = 0.75 on the oscilloscope in a X − Y
plane, b X − Z plane, and c Y − Z plane

the initial condition of no-equilibrium chaotic system
were entered for RNG. Then, outputs (x , y and z) of
the no-equilibriumcontinuous chaotic systemwere dis-
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cretized with the fourth-order Runge–Kutta iterative
method (RK4), a differential equation solving method.
As a result, float numbers were obtained. Later, float
numbers were converted to 32 bits binary numbers and
RNGwas designedwith these binary numbers. The last
12 bits of the outputs (x , y and z) were used for RNG
design.

After all these processes, the NIST-800-22 statisti-
cal tests were used for success of the RNG design. The
NIST-800-22 tests consist of 16 different tests such as
runs, overlapping template matching, linear complex-
ity, and random excursions. The results of the NIST-
800-22 tests should be greater than 0.001 for success.
The x output of no-equilibrium chaotic system success-
fully passed all the tests with last 12 bits. But, y and z
outputs of no-equilibrium chaotic system did not pass
all the tests with last 12 bits. The NIST-800-22 tests
results are given in Table 1 for x output that pass all
the tests. These random numbers can be used in engi-
neering and information technology applications that
require randomness.

Table 1 RNG NIST-800-22 tests for x output

Statistical
tests

P-value
(X_12bit)

Result

Frequency (monobit) test 0.3270 Successful

Block frequency test 0.5636 Successful

Cumulative sums test 0.6466 Successful

Runs test 0.5558 Successful

Longest-run test 0.5543 Successful

Binary matrix rank test 0.1931 Successful

Discrete Fourier transform
test

0.2748 Successful

Nonoverlapping templates
test

0.0421 Successful

Overlapping templates test 0.7019 Successful

Maurer’s universal
statistical test

0.6750 Successful

Approximate entropy test 0.5716 Successful

Random excursions test
(x = −4)

0.4900 Successful

Random excursions variant
test (x = 9)

0.6454 Successful

Serial test 1 0.1046 Successful

Serial test 2 0.0286 Successful

Linear complexity test 0.2721 Successful

6 A signal encryption application with RNG from
generated no-equilibrium chaotic system

In this section, a signal encryption with RNG which
mentioned in previous section was realized as an
example of chaos-based applications. The steps of
the encryption and decryption process are shown in
Algorithm 2. A signal that consists of 4096 bits
was used for encryption application as shown in
Fig. 13.

Algorithm 2 Chaos-based signal encryption and
decryption algorithm pseudo code
1: Start
2: Getting ready tested random numbers for keys
3: Getting signal data to be encrypted
4: for i = 1 to all original data
5: random number bit xor original data bit
6: end
7: Encrypted data
8: for i = 1 to all encrypted data
9: random number bit xor encrypted data bit
10: end
11: Decrypted data
12 : End
As shown in Algorithm 2, ‘XOR’ operator was used
for the encryption process. The 4096 bits of encrypted
signal is shown in Fig. 14. The encrypted signal 4096
bits since the encryption process is done for each bit,
too.

In decryption process are needed the same keys
which are used in encryption process. These keys are
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Fig. 13 Original signal data (4096 bits)
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Fig. 14 Encrypted signal data (4096 bits)

0 1000 2000 3000 4000
−0.2

0

0.2

0.4

0.6

0.8

1

Time

A
m
pl
itu

de

Fig. 15 Decrypted signal data (4096 bits)

generated from no-equilibrium chaotic system. The
original data can be obtained with these keys, again.
The obtained signal in decryption process result is
given in Fig. 15. As shown in Fig. 15, there is not
any deformation when compared with Fig. 13 which
is original signal.

7 Conclusion

This article has introduced a novel three-dimensional
chaotic system with special features. The new system
does not have equilibrium points, but exhibits hidden
chaotic attractor as well as coexistence of limit cycle
and torus. Dynamic behavior and the feasibility of such
no-equilibrium system are discovered. A chaos-based
application for signal encryption has beenproposed and
illustrated by a numerical example. The new chaotic
system without equilibrium is preferred in practical

systems because of its hidden attractors and multi-
stability. Appropriate controlling schemes for this no-
equilibrium system should be studied in future works.
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