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a b s t r a c t
Combining nonlinear evolution equations, which arise from image segmentation using partial differential equation-based level set method, using radial basis functions, a meshless
numerical algorithm is presented for image segmentation in this paper. Both globally supported and compactly supported radial basis functions are used to interpolate the level
set function of the evolution equation with a high level of accuracy and smoothness. The
nonlinear evolution equation is ﬁnally cast into ordinary differential equations and Euler’s
scheme is employed. Compared with traditional level set approaches, the presented algorithm is robust to initialization or even free of manual initialization, and avoids the complex and costly re-initialization of the level set function. The capability of the presented
algorithm is demonstrated through some numerical experiments.
© 2016 Elsevier Inc. All rights reserved.

1. Introduction
Image segmentation plays an important role in image processing and computer vision applications. The purpose of image
segmentation is to ﬁnd an interface contour and separate image domains into a collection of distinct areas, in which other
high-level tasks, such as object recognition and tracking, can be further implemented. In recent years, the level set method
[1] has been widely used in image segmentation and other engineering problems [2–8]. It is a versatile and simple approach
for evaluating and analyzing the motion of an interface and following the evolution of the interface. The principal idea is to
implicitly express the interface as the zero level of a high dimension function, referred to as a level set function, and then
deduce an evolution equation via some special techniques.
The evolution equation of the level set function is time-dependent and nonlinear. In general, ﬁnite difference methods
(FDMs) are used to solve the evolution equation numerically. Although these numerical methods have been used to get
accurate solutions, they are usually time consuming and computationally expensive. Besides, in using traditional level set
methods, upwind schemes are generally employed to remain numerical stability, and the level set function often develops
irregularities during its evolution, which causes numerical errors and eventually destroys the numerical stability. In order to
accurately solve the evolution equation by FDMs, a numerical remedy procedure called re-initialization [2–4] is introduced
periodically to restore the regularity of the level set function and maintain stable level set evolution. In re-initialization procedures, complicated partial differential equation (PDE) solving schemes are generally involved. Moreover, re-initialization
may incorrectly move the zero level set away from its original position [3,4]. Alternative techniques without re-initialization
were developed recently [9–14], but they often require dedicated and complicated extension of the velocity function deﬁned
in the zero level set. Another issue with traditional level set methods is contour initialization. Since segmentation results
∗
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typically depend on the choice of initial contours, these methods need user intervention to deﬁne initial contours professionally. This means that they may be fraught with issues of how and where to deﬁne initial contours. Until now, it is still
a great challenge to tackle the initialization issue.
Radial basis functions (RBFs) are a class of functions where the Euclidean distance of a ﬁxed node from a variable ﬁeld
point is used as the independent variable. In the past three decades, RBFs have been broadly used as meshless (or meshfree)
methods to obtain the numerical solutions of PDEs [15–26]. The so-called Kansa’s method [15] is a collocation method, in
which the solution is approximated via collocation with RBFs on nodes.
Recently, Wang et al. [27] pioneered RBFs based collocation method for evolution equations appearing in the level setbased structural topology optimization. Xie and Mirmehdi [28] presented a study in level set representation and evolution using RBFs for deformable modeling. In their work, level set evolution equations were used to express the considered
problem, and Multiquadric (MQ) function was used to deﬁne the implicit level set function. Because MQ is a conditionally positive deﬁnite RBF, the implementation of their methods requires the addition of a polynomial term together with
some homogeneous constraint conditions in order to gain invertible interpolation matrices. Consequently, the number of
unknowns and equations is added, and thus the computing time is increased. Besides, Gelas et al. [29] explored the use
of compactly supported RBFs for the level set evolution equations. However, as shown in Ref. [30], compactly supported
RBFs are less accurate than globally supported RBFs, and therefore the convergence speed is decreased. Recently, Li and Li
[31] developed an application of globally supported RBFs to level set evolution equations.
In level set methods, the evolution equation can be divided into two categories: PDE based ones [32] and variational
ones [33]. The approach in Ref. [29,31] is variational based and thus involves a Dirac delta function. Since the used delta
function has a very local support in the vicinity of the zero level set, which inevitably yields irregularities in the evolution
of the level set function as those levels close to zero evolve much faster than the rest, the variational evolution equation
hampers the evolution of the level set function as more levels are pushed away from the zero level [34], and ultimately
increases evolving time and deduces computing eﬃciency. On the other hand, the PDE-based evolution equation is directly
derived from the geometric consideration of the motion equations [14]. Compared with variational ones, PDE-based evolution equations remove stiffness near the zero level set and become independent of the scaling of the level set function
employed, and therefore the problem becomes morphological [2].
Based on PDE-based evolution equations, strictly positive deﬁnite RBFs are used in this paper to develop a numerical
algorithm for image segmentation. In the developed algorithm, the implicit level set function is ﬁrstly interpolated by both
globally supported and compactly supported RBFs. Then, via collocating on sample points, the original PDE-based evolution
equation is discretized into a system of mathematically more convenient ordinary differential equations (ODEs), and the
original time-dependent initial value problem becomes an interpolation problem for the initial values of the time-dependent
interpolation coeﬃcients. Finally, Euler’s scheme is applied to tackle these coupled ODEs.
Due to the use of RBF interpolation, the evolution of the original implicit level set function is achieved via updating the
time-dependent coeﬃcients. Since the interpolation generated by RBFs is global continuous, a smooth level set evolution
can be retained. Compared with traditional level set schemes where FDMs are often used, the developed algorithm yields
an overall control of the level set over the computational domain and obtains a parametric continuous solution. Because of
this overall control and using RBF representation, the level set may be easily constrained. Thus, periodical re-initialization
of the level set function is no longer necessary in the process of evolution, and perturbation away from the zero level is
possible to gain more ﬂexible topological changes. This has an important effect on the active contours to free them from
initialization constraints. Then, one can easily initialize the interface contour anywhere in the image. In addition, we verify
numerically that the segmentation can be carried out even without any initial contour.
Furthermore, in contrast to both the variational evolution equation based algorithm [29] and the well-known C-V
model using ﬁnite difference scheme with re-initialization procedure [5], a rapid convergence is obtained in the developed
algorithm.
The plan of this paper is as follows: following the ﬁrst introductory section, PDE-based level set formulations of image
segmentation are described in Section 2. The RBF algorithm for image segmentation is developed in Section 3. In Section 4,
numerical experiments are presented to demonstrate the effectiveness and validity of the algorithm. Finally, the paper ends
with some conclusions in Section 5.
2. PDE-based level set formulation of image segmentation
Let  be a bounded domain in R2 . A general point of R2 is denoted by x = (x, y )T . Let I :  → R be a prescribed image,
then I(x) will be the corresponding pixel intensity. The aim of image segmentation is to ﬁnd a contour C which segments
the image domain  into two nonoverlapping regions 1 and 2 . Here, 1 and 2 denote, respectively, the object and the
background, and C is a closed interface boundary between 1 and 2 .
In the level set formulation, the interface C is implicitly represented by a Lipschitz continuous level set function φ (x) of
three dimension, satisfying

⎧
⎨C = {x ∈ R2 |φ (x ) = 0},
1 = {x ∈ R2 |φ (x ) > 0 },
⎩
2 = {x ∈ R2 |φ (x ) < 0 }.
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In order to let the level set function φ (x) dynamically change in time, an artiﬁcial time t and a continuous normal velocity
function v(x, t ) are introduced. Then, the evolution of the level set function φ can be written in the following Cauchy
problem [9,14]:

∂φ (x, t )
+ v(x, t )|∇φ (x, t )| = 0,
∂t
φ (x, 0) = φ0 (x ),

(1)



(2)

where ∇ stands for the gradient operator, |∇φ| = (∂φ /∂ x ) + (∂φ /∂ y ) , v(x, t ) is a velocity function, and φ 0 (x) embeds
the initial position of the interface. In practical computations, the initialization can be obtained either from a priori knowledge about the image to be segmented or from user interaction.
Eq. (1) is referred to as the PDE-based level set evolution equation, and it can be derived from the geometric consideration of the motion equation. In Eq. (1), the velocity function v(x, t ) controls the motion of the interface contour. For image
segmentation, v(x, t ) can be generated by many famous models and depends on the image data and the level set function.
The C-V model [5] is one of the most popular used models, which has been successfully used to segment many kinds of
images, including some that would be diﬃcult to segment with classical thresholding or gradient-based approaches.
Taking the C-V model for example, we set up a framework for the implementation of RBFs in image segmentation. In the
C-V level set model, the velocity function v(x, t ) is expressed as
2

2




∇φ
2
2
v(x, t ) = γ div
− λ1 (I (x ) − c1 (φ ) ) + λ2 (I (x ) − c2 (φ ) ) ,
|∇φ|

(3)

where γ ≥ 0, λ1 > 0 and λ2 > 0 are ﬁxed parameters; c1 (φ ) and c2 (φ ) are the averages of image intensities inside and
outside the interface C, respectively, given by



I (x )H (φ )dx
c1 (φ ) = 
,
 H (φ )dx
and

(4)



I (x )(1 − H (φ ) )dx
c2 (φ ) = 
.
 (1 − H (φ ) )dx

(5)

1 + π2 arctan φε
is a regularized Heaviside function with a real positive constant ε .
On the right-hand side of Eq. (3), the ﬁrst term is obtained by minimizing the length of the interface C given by the zerocrossing of the level set function, while the last two terms are obtained by minimizing the gray value variances inside C and
outside C in two separated domains. Because the approximate function generated by RBFs is intrinsic global smoothness, the
ﬁrst term is not required and thus we can set γ = 0. Besides, λ1 and λ2 govern the trade-off between the last two terms,
therefore we set λ1 = λ2 = 1 in most cases. Consequently, the velocity function used in our research can be expressed as
Here, H (φ ) =

1
2

v ( x , t ) = ( I ( x ) − c 2 ( φ ) )2 − ( I ( x ) − c 1 ( φ ) )2 .
3. RBF algorithm for image segmentation
3.1. RBF implicit modeling for the PDE-based level set evolution equation
The PDE-based level set evolution Eq. (1) is nonlinear and time-dependent. In conventional level set methods, the solving
procedure of the Cauchy problem (1)-(2) requires appropriate selection of upwind schemes, contour initialization schemes
and periodic re-initialization techniques. This procedure involves excessive computational efforts and therefore, restricts the
application of level set methods. In fact, the re-initialization process is crucial and cannot be avoided in conventional level
set methods [2,3].
In this paper, the level set function is approximated by RBFs. Then, RBFs implicit model discretizes the Cauchy problem
(1)-(2) into a set of mathematically more convenient coupled ODEs and the original time-dependent Cauchy problem becomes an interpolation problem for the initial values of interpolation coeﬃcients, which can be solved via collocation. Owing
to the use of positive deﬁnite RBFs, a global smoothness solution is obtained and a relatively smooth level set evolution is
retained. Thus, the complex and costly re-initialization can be avoided completely. Additionally, the limit on the time-step
size is relaxed and the computational eﬃciency is increased. In what follows, this RBF algorithm is to be discussed in detail.
Since the evolution Eq. (1) is time-dependent, it is assumed that space and time in the level set function φ (x, t) are
separable [27,29], i.e. the time dependence of φ (x, t) is only due to the coeﬃcients of the RBF interpolation. Then we
approximate φ (x, t) with a time-dependent linear combination of RBFs centered at N distinct nodes xi ∈ ,

φ ( x, t ) =

N

ri (x )ai (t ),
i=1

where ri (x) are RBFs centered at xi , and ai (t) are time-dependent coeﬃcients to be determined.

(6)
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In Refs. [27,29], Eq. (6) has also been used to solve level set evolution equations. Besides, the procedure in Eq. (6) has
been extensively studied in the literature [35–40]. In some papers, this procedure is called the method of lines (MOL)
[37–40]. In fact, the MOL is a well established numerical technique for solving time-dependent PDEs. This procedure has
been successfully applied to the numerical solution of many nonlinear time-dependent PDEs such as Black–Scholes equation [35], credit default swap model [36], Korteweg-de Vries (KdV) equation [37], Burgers-type equation [38], equal width
equation [39] and magnetohydrodynamic (MHD) equation [40].
From Eq. (6) we can see that all the time dependence of the level set function φ (x, t) is now due to these interpolation
coeﬃcients. Substituting Eq. (6) into Eq. (1) leads to
N
i=1

 


dai (t )

ri ( x )
+ v(x, t )∇
dt





ri (x )ai (t )  = 0.

i=1
N

(7)

Let the approximation represented by Eq. (7) pass through all the N nodes xj ∈ , we gain a set of ODEs
N

  dai (t )

ri x j
i=1

dt

 


N

 

+ v x j , t ∇
ri x j ai (t )  = 0,


i=1


j = 1, 2, . . . , N.

(8)

Similar ODEs have been demonstrated useful in shape and topology optimization [27]. In image segmentation, however,
there often exist stationary points in the level set function with their spatial derivative magnitude near to zero. This results
in drastically slow varies of level set values in those domains, which gradually spread to their neighbors, and thus leads to
a ﬂattening inﬂuence. As a result, the evolution of level set function may be hampered and further updating problems may
be occurred when the level set function is more complex. In other words, the direct use of above ODEs may be unsuitable
for image segmentation. On the other hand, in image segmentation the direction of the velocity function along the normal
has dominant inﬂuence on the ﬁnal segmentation, not its magnitude. Because the change of the gradient of the level set
function

 is often smooth, a simple and highly effective strategy to tackle this issue is to substitute the velocity function
v x j , t in Eq. (8) with the following normalizing form [28]



v x j, t
 
 .

 
N
 

∇
r
x
a
t
(
)

 i=1 i j i

Owing to the global interpolation using RBFs, the gradient is dependent on RBF centers, instead of local neighbors. As a
consequence, the gradient near the interface contour is likely to be nonzero and then, the normalization prevents the level
set from ﬂattening and will not disturb the interface. With this normalization scheme, ODEs of Eq. (8) are simpliﬁed as
N

  dai (t )

ri x j
i=1

dt





+ v x j , t = 0,

j = 1, 2, . . . , N.

It is represented in matrix form as follows:

R

da(t )
+ V(t, a(t ) ) = 0,
dt

(9)

where

a(t ) = [a1 (t ), a2 (t ), . . . , aN (t )]T ,
V(t, a(t ) ) = [v(x1 , t ), v(x2 , t ), . . . , v(xN , t )]T ,
and

⎡

r1 ( x1 )
⎢ r1 ( x2 )
R=⎢ .
⎣ ..
r1 ( xN )

r2 ( x1 )
r2 ( x2 )
..
.
r2 ( xN )

···
···
..
.
···

⎤

rN ( x1 )
rN ( x2 ) ⎥
.. ⎥
⎦.
.
rN ( xN )

The resolution of Eq. (9) requires an initial value for a(t). At the initial time t = 0, collocating Eq. (6) at all the N nodes
xj and using Eq. (2) yield

Ra(0 ) = 0 ,
where 0 = [φ0 (x1 ), φ0 (x2 ), . . . , φ0 (xN )] is a known vector. When the coeﬃcient matrix R is non-singular, the initial value
of ODEs of Eq. (9) is
T

a(0 ) = R−1 0 .

(10)
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Now, the original time-dependent PDE initial value problem given by Eqs. (1) and (2) in traditional level set methods becomes an interpolation problem for initial value of the interpolation coeﬃcient vector a(t), and the evolution of the interface
contour is governed by the time-dependent ODE initial value problem given by Eqs. (9) and (10).
In image segmentation based on level set method, the object to be segmented is captured by propagating an interface
contour expressed by the zero level set of a level set function. The evolution of the contour is then driven by a timedependent PDE where the velocity function reﬂects the image features characterizing the object image domain. According
to the RBF representation given in Eq. (6), the evolution of the level set function can be achieved by solving the ODE initial
value problem given by Eqs. (9) and (10) to update the time-dependent coeﬃcient vector a(t). Thus, the preliminary starting
point of using RBFs to track motion of the contour is the interpolation problem that is equivalent to solving the ODE initial
value problem.
3.2. Choice of RBFs

 

Because the distance is directionless, we have ri x j = r j (xi ), which means that the matrix R is symmetric. For an interpolation problem, the positive deﬁniteness of RBFs ensures the invertibility of the interpolation matrix. If the used RBFs are
strictly positive deﬁnite, the matrix R is positive deﬁnite and thus is theoretically invertible. If the used RBFs are conditionally positive deﬁnite, the invertibility is ensured via adding a polynomial term together with some homogeneous constraint
conditions to the interpolation system.
In general, globally supported RBFs perform excellent in solving PDEs with collocation technique. However, the used
MQ in Refs. [27,28] is a conditionally positive deﬁnite RBF, therefore, the associated implementation requires augmenting
the interpolant with a polynomial term and appending some additional homogeneous linear equations in order to obtain
invertible interpolation matrices. As a result, the number of unknowns and equations in level set based algorithms is added.
Gaussian function is a globally supported and strictly positive deﬁnite RBF [16]. The following Gaussian function is taken in
this study:





ri (x ) = exp −β|x − xi |2 ,
where β is a non-negative shape parameter. On the other hand, because compactly supported RBFs are also strictly positive
deﬁnite, the following compactly supported RBF [41] is also chosen for comparing the computing eﬃciency of globally
supported and compactly supported RBFs in image segmentation,



ri ( x ) =



(1 − di )6 35di2 + 18di + 3 ,

0,

di ≤ 1,

di > 1,

where di = |x − xi |/ρ with ρ being the size of the support domain for ri (x) at xi .
3.3. Numerical solution of the time-dependent ODE initial value problem
Using either the globally supported Gaussian function or the compactly supported RBF, the coeﬃcient matrix R is not
only symmetric but also positive deﬁnite, thus it is theoretically invertible. Then, from Eq. (9) we have

da(t )
= −R−1 V(t, a(t ) ).
dt
Whereafter, using the ﬁrst-order forward Euler’s method [45] yields

a(tn+1 ) = a(tn ) − τ R−1 V(tn , a(tn ) ),

n = 0, 1, 2, . . .

(11)

where τ > 0 is the time-step size.
At the initial time, Eq. (2) indicates that the initial value of the level set function is speciﬁed as φ 0 (x). Hence, the initial
value of the coeﬃcient vector a(t) at t0 = 0 can be obtained by interpolating φ 0 (x) using RBFs as in Eq. (10). Namely, the
updating of the level set function starts from interpolating its initial value using RBFs. Then, RBFs are spread across the
domain and the interpolation takes place. Finally, the interpolated level set is evolved according to Eqs. (11) and (6).
The matrix R, in the globally supported RBF, will be highly ill-conditioned and cannot be expected well-conditioned
whenever higher accuracy is expected because of the uncertainty property [42] of RBF. Several approaches [43,44] including
domain decomposition, parallel computation and preconditioning technique have been proposed to overcome this drawback.
If the inverse of the matrix R is calculated directly, a considerable computational time may be involved. As mentioned
above, R is symmetric and positive deﬁnite, thus the Cholesky decomposition [45] can be employed to avoid computing R−1
directly. At the initial stage, R is decomposed via the Cholesky decomposition as the product of an upper triangular matrix
U and its transpose, i.e., R = UT U. To do it, we use the following command in MATLAB software:

U = chol(R ).
Then, for each iteration we solve instead of Eq. (11) the following lower triangular system

UT un = V(tn , a(tn ) ),
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and upper triangular system

Uvn = un .
Finally, Eq. (11) is equivalent to

a(tn+1 ) = a(tn ) − τ vn ,

n = 0, 1, 2, . . .

(12)

It is crucial to deﬁne a stopping criteria on the algorithm in applications because a vision system that uses the algorithm
needs to determine if the desired segmentation has been carried out and then the iterative process is terminated. For the
standard C-V model, one must set a predeﬁned number of iterations large enough for the algorithm to detect all regions in
the image domain. For our algorithm, the stopping criteria can be deﬁned as

a(tn ) − a(tn−1 ) ≤ a(tn−1 ) − a(tn−2 ).
Similar to the discussion from Appendix in Ref. [29], a global convergence of our algorithm will be gained if this criteria is
satisﬁed. Besides, with standard arguments used in the proof of Proposition 1 in Ref. [29], we can prove that in Eq. (11) the
norm of the unknown vector a(t) may increase at each iteration step. This phenomenon can also be observed in numerical
experiments. To bound it, the following normalization is added after Eq. (12) for each iteration

a(tn+1 ) =

a(tn+1 )
.
a(tn+1 )

(13)

From Eq. (6), it can be concluded that Eq. (13) simply corresponds to φ (x, t )/a(tn+1 ). Additionally, because
 the interface
contour C is expressed as the zero level set of the level set function φ (x, t), i.e., C = x ∈ R2 |φ (x, t ) = 0 , the division of
φ (x, t) by a nonzero real number does not change the position of C. Therefore, this normalization makes sense.
4. Algorithm veriﬁcation and applications
4.1. Algorithm veriﬁcation
For veriﬁcation purpose, an image shown in Fig. 1 is considered. This image is taken from Ref. [9]. Fig. 2 plots the
segmentation results of our PDE-based algorithm using both globally supported RBFs (GSRBFs) and compactly supported
RBFs (CSRBFs) with three initial interface contours of different positions and sizes. The original image along with three
distinct initial contours is listed in the ﬁrst column. Note that the initial contours in Fig. 2(a) and (f) are placed around the
object and outside the object, respectively. In the two cases, the initial level set function is deﬁned as φ0 (xi ) = −2 for all xi
∈ D and φ0 (xi ) = 2 for all xi ∈ /D, where D is the domain enclosed by the initial contour. However, in Fig. 1(k), the initial
contour is absent, and the initial level set function in this case is deﬁned as φ0 (xi ) = 2 for all xi ∈ .
From the second and third columns of Fig. 2 we can observe that our algorithm gives correct segmentation results in all
cases. Besides, although the initial contours are very different, the ﬁnal segmentation results in our algorithm are almost the
same, which validates that our algorithm is insensitive to initialization. Therefore, the level set function in our algorithm can
be simply initialized or even is free of manual initialization, and then completely eliminates the need for initial contours.
For comparison, segmentation results of Gelas et al.’s variational evolution equation based algorithm [29] and the C-V
model using ﬁnite difference scheme with re-initialization procedure [5] are also plotted in the same ﬁgure. For each initial
contour, our algorithm yield similar segmentation results to Gelas et al.’s algorithm. However, for the C-V model, the last
column of Fig. 2 indicates that only the ﬁrst initial contour gives correct segmentation results and thus the segmentation
severely depends on the selection of initial contours.

Fig. 1. An image to be segmented.
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Fig. 2. Segmentation results of the image shown in Fig. 1. Column 1 denotes the original images with initial contours (the real line denotes the initial
contour). Columns 2–5 denote segmentation results obtained from our algorithm using GSRBF and CSRBF, Gelas et al.’s algorithm and the C-V model,
respectively.
Table 1
DSC and RSE values for the segmentation in Fig. 2.
Initial contour

Fig. 2(a)
Fig. 2(f)
Fig. 2(k)

Our algorithm using GSRBF

Our algorithm using CSRBF

Gelas et al.’s algorithm

The C-V model

DSC

RSE

DSC

RSE

DSC

RSE

DSC

RSE

0.9872
0.9872
0.9852

0.0370
0.0370
0.0427

0.9872
0.9872
0.9872

0.0370
0.0370
0.0370

0.9872
0.9872
0.9872

0.0370
0.0370
0.0370

0.9737
0.3571
0

0.0770
1.1160
1.4259

Table 2
CPU times (in seconds) and iteration numbers for the segmentation in Fig. 2.
Initial contour

Fig. 2(a)
Fig. 2(f)
Fig. 2(k)

Our algorithm using GSRBF

Our algorithm using CSRBF

Gelas et al.’s algorithm

The C-V model

CPU time

Iteration number

CPU time

Iteration number

CPU time

Iteration number

CPU time

Iteration number

15.09
15.08
15.06

3
3
3

15.86
15.92
17.59

6
6
9

17.59
17.48
20.08

9
9
14

244.8
494.5
477.1

2500
50 0 0
50 0 0

From columns 2–4 of Fig. (2) we can ﬁnd that the ﬁnal segmentation results in our algorithm and Gelas et al.’s algorithm
are almost the same for each initial contour. To evaluate quantitatively the accuracy of these algorithms, two region overlap
metrics are adopted here. Both metrics are the dice similarity coeﬃcient (DSC) [46] and the ratio of segmentation error
(RSE) [47]. They are deﬁned as

DSC =

2N ( Re ∩ Rn )
,
N ( Re ) + N ( Rn )

RSE =

N ( Re /Rn ) + N ( Rn /Re )
,
N ()

where N (· ) denotes the number of pixels in the enclosed region, Re and Rn are the exact object region and the object
region gained by the numerical algorithm, respectively. Obviously, the closer the DSC value to 1, the better the segmentation.
Additional, because N (Re /Rn ) + N (Rn /Re ) is the number of pixels mistakenly classiﬁed by the algorithm, lower RSE means
that the image is segmented more accurately. Therefore, a perfect segmentation will give DSC = 1 and RSE = 0, while a
worst segmentation will give DSC = 0 and RSE = 1.
Table 1 gives the DSC and RSE values for the segmentation shown in Fig. 2. We can observe that the values of our
algorithm and Gelas et al.’s algorithm are almost identical. Thus, our algorithm and Gelas et al.’s algorithm have the same
segmentation accuracy. However, the accuracy of the C-V model is visibly less.
Next, to compare the computational speed and computational eﬃciency of our algorithm with other algorithms, Table 2
gives CPU times and iteration numbers for the segmentation shown in Fig. 2. It can be observed that both CPU times and
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Fig. 3. Convergence of (a) DSC and (b) RSE values obtained by our GSRBF algorithm with initial contours given in Fig. 2(a), (f) and (k).

Fig. 4. Convergence of (a) DSC and (b) RSE values obtained by our CSRBF algorithm with initial contours given in Fig. 2(a), (f) and (k).

iteration numbers of our algorithm are less than those of both Gelas et al.’s algorithm and the C-V model. Thus, our algorithm has the most fast computational speed compared with other tested algorithms. Besides, although Fig. 2 and Table 1 indicate that our algorithm and Gelas et al.’s algorithm have the same segmentation results, our algorithm produces faster segmentation results than Gelas et al.’s algorithm. In summary, our algorithm has high computational eﬃciency while having
high segmentation accuracy and robustness.
Finally, to demonstrate the convergence of our algorithms using GSRBF and CSRBF, Figs. 3 and 4 plot the DSC and RSE
values against the number of collocation nodes N for the initial contours given in Fig. 2(a), (f) and (k). From Figs. 3 and 4, it
can be found that the DSC values from both algorithms gradually converge to the perfect value 1 along with the increase of
collocation nodes, while the RSE values converge very fast to the perfect value 0. Therefore, our GSRBF and CSRBF algorithms
provide convergent results as the number of collocation nodes increases.
4.2. Algorithm applications
Case studies of more complicated images are made to further exploit the robustness and feasibility of the proposed
algorithm. For all images, the initial interface contour is absent. In this case, the level set function can be simply initialized
as φ0 (xi ) = for all xi ∈ , where is a nonzero constant. In the following computations, = 2 will be used. Thus, our
algorithm completely avoids the problems resulted from contours initialization.
4.2.1. Multiple objects or objects with interior holes
This experiment shows that our algorithm has capability to handle multiple objects or objects with interior holes. Three
images, which are depicted in Fig. 5(a), (e), and (i), are a geometrical image with interior holes, a wrench image with interior
holes in each object, and a rice image with some rice grains crossing the image boundary, respectively. These images are
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Fig. 5. Segmentation for images with multiple objects or interior holes. Column 1 denotes the original images. Columns 2–4 denote segmentation results
obtained from our algorithm using GSRBF and CSRBF, and Gelas et al.’s algorithm, respectively.

Table 3
CPU times (in seconds) and iteration numbers for the segmentation in Fig. 5.
Image

Fig. 5(a)
Fig. 5(e)
Fig. 5(i)

Our algorithm using GSRBF

Our algorithm using CSRBF

Gelas et al.’s algorithm

CPU time

Iteration number

CPU time

Iteration number

CPU time

Iteration number

21.63
17.83
14.97

5
7
4

23.88
18.29
17.78

10
9
10

27.29
19.93
19.65

14
12
15

taken from Refs. [11,12]. Some well-known models, such as models in Refs. [6,33], fail to segment such images starting with
only one initial contour, since it is impossible to choose an initial contour surround all edges of the objects.
When the initial contour is absent, Fig. 5 plots segmentation results of our algorithm and Gelas et al.’s algorithm, from
which we can see that both algorithms successfully detect all the objects and/or the interior and exterior edges. The associated CPU times and iteration numbers are given in Table 3. We can ﬁnd that both CPU times and iteration numbers of our
algorithm are less than those of Gelas et al.’s algorithm, and the GSRBF produces more faster segmentation results than the
CSRBF.
4.2.2. Images with weak objects
This experiment shows the segmentation for real images with weak objects. Two images are plotted in the ﬁrst column
of Fig. 6, which are a real hand image and a cell image with some cells crossing the image boundary. These images are taken
from Ref. [12]. Although there is no initial contour, we see from this ﬁgure that our algorithm and Gelas et al.’s algorithm
successfully extracts all objects. Again, we observe from Table 4 that CPU times and iteration numbers of our algorithm are
less than those of Gelas et al.’s algorithm.
4.2.3. Images with boundary concavities or range edges
The top row of Fig. 7 shows that our algorithm can work well for images with boundary concavities and is compared
with Gelas et al.’s algorithm. The second row of Fig. 7 is the segmentation of a saddle range image. These images are taken
from Refs. [11,12]. The range image has complicated image intensity distribution, in which the end boundaries of the saddle
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Fig. 6. Segmentation for images with weak objects. Column 1 denotes the original images. Columns 2–4 denote segmentation results obtained from our
algorithm using GSRBF and CSRBF, and Gelas et al.’s algorithm, respectively.

Table 4
CPU times (in seconds) and iteration numbers for the segmentation in Fig. 6.
Image

Fig. 6(a)
Fig. 6(e)

Our algorithm using GSRBF

Our algorithm using CSRBF

Gelas et al.’s algorithm

CPU time

Iteration number

CPU time

Iteration number

CPU time

Iteration number

18.56
18.93

7
6

19.16
20.62

9
9

21.32
29.93

12
26

Fig. 7. Segmentation for images with boundary concavities or range edges. Column 1 denotes the original images. Columns 2–4 denote segmentation
results obtained from our algorithm using GSRBF and CSRBF, and Gelas et al.’s algorithm, respectively.

are step edges, and the side boundaries are roof edges. As can be seen from Fig. 7(f)–(h) that the saddle object is accurately
extracted. These results also show that our algorithm, free of initial contours, can detect objects with boundary concavities
or range edges. Once again, Table 5 indicates that the our algorithm has not only the better convergence characteristic but
also the greater computational eﬃciency than Gelas et al.’s algorithm.
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Table 5
CPU times (in seconds) and iteration numbers for the segmentation in Fig. 7.
Image

Fig. 7(a)
Fig. 7(e)

Our algorithm using GSRBF

Our algorithm using CSRBF

Gelas et al.’s algorithm

CPU time

Iteration number

CPU time

Iteration number

CPU time

Iteration number

19.24
20.11

5
6

21.84
23.24

10
11

24.13
27.01

13
19

5. Conclusions
Based on combining RBFs with PDE-based nonlinear level set evolution equation, a numerical algorithm is presented
in this paper for image segmentation. Compared with traditional level set approaches, the presented algorithm has the
following features: (1) The evolution of the level set function is performed via an ODE system rather than a much more
diﬃcult PDE problem; (2) The presented algorithm is robust to initialization or even free of manual initialization, which
makes it very appropriate for a broad class of images; and (3) Because the interpolation constructed by RBFs is global
continuous, the smoothness of the level set function is implicitly enforced in the evolution process, and so the problems
resulted from the complex and costly re-initialization procedure are avoided completely.
Numerical experiments are given to validate this algorithm in accuracy, convergence speed and insensitivity to initial
designs. Numerical results indicate that the presented algorithm performs excellent in segmenting a wide range of both
synthetic and real image. Besides, the presented algorithm has not only the better convergence characteristic but also the
greater computational eﬃciency than both the variational evolution equation based algorithm and the well-known C-V
model using ﬁnite difference scheme with re-initialization procedure. Therefore, the presented algorithm is attractive for
image segmentation.
Convergence studies are carried out numerically. These studies show that numerical results obtained by the presented
algorithms converge very fast regarding the number of collocation nodes. However, theoretical convergence analysis is not
trivial and will be a topic for future research. Moreover, numerical studies indicate that the globally supported RBF performs
excellent in image segmentation, but it generally leads to ill conditioning of the algebraic system. How to avoid this pitfall
is also a future research topic.
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