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Wavelet Fuzzy Neural Networks for Identification
and Predictive Control of Dynamic Systems

Chi-Huang Lu, Member, IEEE

Abstract—This paper presents a wavelet fuzzy neural network
(WFNN) structure for identifying and controlling nonlinear dy-
namic systems. The proposed WFNN is constructed on the base
of a set of fuzzy rules. Each rule includes a wavelet function in
the consequent part of the rules. A training algorithm adopting a
gradient descent method is employed to identify the unknown pa-
rameters in the WFNN. For the control problem, a WFNN-based
predictive control (WFNNPC) law is derived via a generalized
predictive performance criterion, and the control algorithm is
proven to guarantee the convergence of the WFNNPC controller.
The conditions of the stability analysis of the resulting control
system are presented based on the Lyapunov stability theorem.
Finally, the WFNN is applied in numerical simulations and exper-
iments (identification and control of nonlinear dynamic systems
and a physical positioning mechanism). The results confirm the
effectiveness of the WFNN.

Index Terms—Identification, model predictive control (MPC),
position control, wavelet fuzzy neural network (WFNN).

I. INTRODUCTION

CONVENTIONAL control algorithms require a mathemat-
ical model of the dynamic system to be controlled. The

mathematical model is then used to construct a controller. In
many practical plants, however, it is not always feasible to ob-
tain an accurate mathematical model of the controlled system.
Neural network (NN) offers a way of dealing with modeling
problems. The NNs have been shown to possess good function
approximation capabilities and have been applied successfully
by many literatures in modeling some poorly understood sys-
tems. The results in [1]–[5] demonstrated the feasibility and
efficacy of NN techniques for the identification and control of
nonlinear dynamic systems.

Generally, fuzzy logic is easy to appreciate because it uses
linguistic terms and if–then rules. However, they lack the
learning capacity to fine tune fuzzy rules and membership func-
tions. Therefore, fuzzy NNs combine the capability of fuzzy
reasoning in handling uncertain information and the benefits
of artificial learning in modeling the systems. The fuzzy NNs
have shown to obtain successful results in the identification and
control of dynamic systems [6]–[11], [39].

In recent years, the concept of wavelet NN (WNN) has
become increasingly important. Much research has been done
on applications of WNNs, which combine the capability of
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artificial NNs in learning from processes and the capability of
wavelet decomposition. In [12]–[14], it has been proven that a
WNN can approximate any continuous function over a compact
set and has high accuracy and fast learning ability. From these
progresses, some researchers applied the WNN for the control
of dynamic plants [15]–[17].

A wavelet fuzzy NN (WFNN) is combined wavelet theory
with fuzzy logic and NN. Wavelet transform has the ability
to analyze nonstationary signals to discover their local de-
tails; fuzzy logic allows us to reduce the complexity of the
data and to deal with an uncertainty; NN has self-learning
characteristic that increases the accuracy of the model. Their
combination allows us to develop a system with fast learning
capability that can describe a nonlinear system that is charac-
terized with uncertainties [18]. Several researchers [18]–[20],
[34], [35] have used a combination of fuzzy technology and
WNN for identification and control problems. Based on the
rigorous multiresolution wavelet theory in [19], a fuzzy infer-
ence system with some minor restrictions and modifications
can function as the discrete wavelet transform. Ho et al. [20]
proposed a fuzzy wavelet network based on multiresolution
analysis (MRA) of wavelet transforms and fuzzy concepts to
approximate arbitrary nonlinear functions; the fuzzy model into
WNN can improve the function approximation accuracy in
terms of the dilation and translation parameters of wavelets
while not increasing the number of wavelet bases. In other
words, the fuzzy wavelet network can be represented by a
linear combination of fuzzy wavelet basis functions. Different
from WNN, the fuzzy wavelet basis functions can be specified
by experts as traditional fuzzy systems. Lin [34] presented
an adaptive nonsingular terminal sliding mode tracking con-
trol design for robotic systems using fuzzy wavelet networks.
Zekri et al. [35] developed a fuzzy wavelet network controller
for the control of nonlinear affine systems, inspired by the
theory of MRA of wavelet transforms and fuzzy concepts.
Considering these advantages, the WFNN is chosen as the
approximator for the proposed WFNN-based predictive control
(WFNNPC) controller. In this paper, the WFNN is constructed
on the base of a set of fuzzy rules; each rule includes a wavelet
function in the consequent part of the rules. The aforementioned
methodologies are combined to construct the proposed WFNN
to solve the identification of the controlled plants.

For the control problem, one presents the predictive control
approaches using WFNN. The model predictive control (MPC)
method has become one of the most popular model-based
control methods both in industry and academia. This MPC
strategy has been successfully implemented in many industrial
applications [21]–[25]. The basic of MPC is to calculate a
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Fig. 1. Configuration of the proposed WFNN architecture.

sequence of future control signals in such a way that it min-
imizes a multistage cost function defined over a prediction
horizon. The index to be optimized is the expectation of a
quadratic function measuring the distance between the pre-
dicted system output and some predicted reference sequence
over the horizon plus a quadratic function measuring the control
effort. Many literatures have presented controllers involving
the use of neural predictive control [15]–[17], [26]–[28]. In
[17], a recurrent WNN was proposed as a weighted sum
of linear autoregressive moving average (ARMA) models for
approximating an arbitrary nonlinear function based on the
wavelet transform theory; the generalized predictive control
(GPC) law was derived via the minimization of a modified
predictive performance criterion. The control method presented
in this paper is a WFNN-based predictive controller that the
proposed WFNN is the weighted sum of local wavelet fuzzy
models, and the problems of the stability analysis and the less
computation associated with model predictive controllers have
not been addressed yet.

There are two objectives of this paper. The first is to prove
the convergence conditions for the WFNN model and the
WFNNPC controller and the closed-loop system stability using
the adaptive learning rate (ALR) and the adaptive optimal rate
(AOR). The second is to verify the feasibility and effectiveness
of the proposed WFNN and WFNNPC, utilizing numerical
simulations, and its application to the position control of an
aerostatic precision positioning stage with an air-lubricated cap-
stan drive system. The remainder of this paper is organized as
follows. Section II presents the WFNN for a class of nonlinear
discrete-time systems. In Section III, the proposed control law
is derived, and the theory analyses are studied. Section IV
details the identification and predictive control of nonlinear
systems, utilizing computer simulations. Experimental results
for controlling a position control system to meet the desired
performance specifications are presented. Section V concludes
this paper.

II. WFNN

Consider a class of nonlinear discrete-time dynamic systems
described by the following nonlinear ARMA model:

y(k)=f (y(k − 1), . . . , y(k − ny), u(k − 1), . . . , u(k − nu))
+ ξ(k) (1)

where u(·) : Z+ → � and y(·) : Z+ → � are the system input
and output, f(·) : �n → �, n = ny + nu, is a smooth-valued
nonlinear function, ny ∈ Z+ and nu ∈ Z+ are the orders of
the output and input, respectively, and ξ(k) ∈ � is a sequence
of zero-mean Gaussian white noise.

This section aims at developing a WFNN for the nonlinear
system (1), where a schematic diagram of the proposed WFNN
structure is shown in Fig. 1. The WFNN realizes fuzzy infer-
ence as follows:

R� : IF x1 is F1�, . . . , xn is Fn�, then ŷ is ω� (2)

where xi(k) is the ith input linguistic variable, Fi� is the fuzzy
set corresponding to xi in the �th fuzzy implication, ŷ is the
network output variable, and ω� is the �th consequence link
weight. � is the number of rules, � = 1, . . . , L, and L is the
number of existing rules.

Next, one will indicate the signal propagation and the opera-
tion functions of the nodes in each layer.

Layer 1: This layer accepts the input variables, and then, the
nodes in this layer only transmit the input values to the
next layer directly.

Layer 2: Every node in this layer is labeled with Fi�. In
this layer, each node performs a membership function.
A Gaussian function is adopted here as the membership
function

μi� = exp

(
− (xi − mi�)

2

2σ2
i�

)
(3)

where mi� and σi� are the center and the width of the
Gaussian function of the jth term of the ith input variable,
respectively.

Layer 3: Every node in this layer is labeled with Π, whose
output is the product of all the incoming signals

μ̄� =
n∏

i=1

μi�. (4)

Layer 4: Every node in this layer is labeled with N ; these nodes
calculate the ratio of the firing strength of every rule to the
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sum of those all rules. The outputs of layer 4 are called
normalized firing strengths

ν� = μ̄�

/
L∑

�=1

μ̄� (5)

where 0 < ν� ≤ 1 and
∑L

�=1 ν� = 1.
Layer 5: Every node in this layer is labeled with ω�. Each node

in this layer is with a node function

ω� =

(
n∑

i=1

φi�

)
w�

=

(
n∑

i=1

−ϑi� exp
(
−ϑ2

i�

2

))
w� (6)

where φi� performs the first derivative of a Gaussian func-
tion as a mother wavelet function, ϑi� = (xi − bi�)/ai�,
with bi� and ai� being the translation and the dilation of
this wavelet, and w� is the parameter of this node.

Every output o� from layer 5 has a mathematical
expression ω�ν�, where ν� is the normalized firing strength
from layer 4

o� = ω�ν�. (7)

Layer 6: The single node in this layer is labeled with Σ, which
computes the output of the WFNN as the summation of all
incoming signals from layer 5

ŷ =
L∑

�=1

o� =
L∑

�=1

ω�ν�. (8)

The aforementioned WFNN can be shown to be a uni-
versal approximator for continuous functions over compact
sets. The detailed proof procedure can be referred to the
Stone–Weierstrass theorem [29], [41].

A. Training Algorithm of WFNN

To derive the training algorithm for the parameters mi�, σi�,
bi�, ai�, and w� of the WFNN, the error function J(k) of the
WFNN is defined by

J(k) =
1
2

(y(k) − ŷ(k))2 . (9)

By applying the error function (9) and the gradient descent
method, the training algorithms for mi�, σi�, bi�, ai�, and w�

are obtained by

mi�(k + 1) =mi�(k) + η (y(k) − ŷ(k))
∂ŷ(k)
∂mi�

(10)

σi�(k + 1) =σi�(k) + η (y(k) − ŷ(k))
∂ŷ(k)
∂σi�

(11)

bi�(k + 1) = bi�(k) + η (y(k) − ŷ(k))
∂ŷ(k)
∂bi�

(12)

ai�(k + 1) = ai�(k) + η (y(k) − ŷ(k))
∂ŷ(k)
∂ai�

(13)

w�(k + 1) =w�(k) + η (y(k) − ŷ(k))
∂ŷ(k)
∂w�

(14)

where

∂ŷ(k)
∂mi�

=
∂ŷ(k)
∂ν�

∂ν�

∂μi�

∂μi�

∂mi�
= (o�(k) − ŷ(k)) ν�

(xi − mi�)
σ2

i�

(15)

∂ŷ(k)
∂σi�

=
∂ŷ(k)
∂ν�

∂ν�

∂μi�

∂μi�

∂σi�
= (o�(k) − ŷ(k)) ν�

(xi − mi�)
2

σ3
i�

(16)

∂ŷ(k)
∂bi�

=
∂ŷ(k)
∂ω�

∂ω�

∂φi�

∂φi�

∂ϑi�

∂ϑi�

∂bi�
= ν�w�φi�

(
ϑ2

i� − 1
)

ϑi�ai�
(17)

∂ŷ(k)
∂ai�

=
∂ŷ(k)
∂ω�

∂ω�

∂φi�

∂φi�

∂ϑi�

∂ϑi�

∂ai�
= ν�w�φi�

(
ϑ2

i� − 1
)

ai�
(18)

∂ŷ(k)
∂w�

=
∂ŷ(k)
∂ω�

∂ω�

∂w�
= ν�

(
n∑

i=1

−ϑi� exp
(
−ϑ2

i�/2
))

. (19)

Generally speaking, the convergence speed of the first-order
gradient training algorithm can be very slow if the learning
rate η is small and can oscillate widely if η is too large. This
problem essentially results from error-surface valleys with steep
sides but a shallow slope along the valley floor. In order to
improve the training speed of the network, some fast schemes
such as the conjugate gradient algorithm [44] and Newton’s
algorithm [36] have been proposed. Newton’s method uses the
second derivative in addition to the gradient to determine the
next step direction and step size, and this second-order gradient
training algorithm can converge quadratically when close to the
solution of a convex function. However, it requires a good initial
estimate of the solution and an inversion of the Hessian matrix.
In this paper, one uses a gradient descent method via the ALR
to identify the WFNN. The algorithm has been proven to be
effective in speeding up the learning procedure of the networks
[16], [37].

B. Convergence of WFNN

This section develops a convergence theorem for selecting
an appropriate learning rate η. The following theorem states
a sufficient condition of the convergence of the WFNN via
selecting an appropriate learning rate.

Theorem 1: One defines η as the learning rate for the WFNN
parameters mi�, σi�, bi�, ai�, and w�. Then, the convergence is
guaranteed if η is chosen to satisfy

0 < η <
2(

∂ŷ(k)
∂W

)T
∂ŷ(k)
∂W

(20)

where

∂ŷ(k)
∂W

=
[
∂ŷ(k)
∂m11

· · · ∂ŷ(k)
∂mnL

∂ŷ(k)
∂σ11

· · · ∂ŷ(k)
∂σnL

∂ŷ(k)
∂b11

· · · ∂ŷ(k)
∂bnL

∂ŷ(k)
∂a11

· · · ∂ŷ(k)
∂anL

∂ŷ(k)
∂w1

· · · ∂ŷ(k)
∂wL

]
.

(21)
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Proof: Let a Lyapunov function candidate be chosen as

L(k) = (y(k) − ŷ(k))2 = ỹ2(k). (22)

The change of the Lyapunov function due to the training
process is thus

ΔL(k) = L(k + 1) − L(k) (23)

= Δỹ(k) (2ỹ(k) + Δỹ(k)) . (24)

The error difference due to learning can be represented by [2]
and [8]; hence, Δỹ(k) is expressed as

Δỹ(k) =
[
∂ỹ(k)
∂W

]T
ΔW (25)

= −
[
∂ŷ(k)
∂W

]T
ΔW (26)

where

ΔW = −η
∂J(k)
∂W

= ηỹ(k)
∂ŷ(k)
∂W

. (27)

Thus, (26) can be rewritten as

Δỹ(k) = −ηỹ(k)
(

∂ŷ(k)
∂W

)T
∂ŷ(k)
∂W

. (28)

By using (27), (24) becomes

ΔL(k) = −ηỹ2(k)
(

∂ŷ(k)
∂W

)T
∂ŷ(k)
∂W

×
(

2 − η

(
∂ŷ(k)
∂W

)T
∂ŷ(k)
∂W

)
. (29)

Therefore, (20) shows that the WFNN is convergent. This
completes the proof of the theorem.

III. WFNNPC

This section is devoted to the derivation of the WFNNPC
law and the stability analysis of the resulting control system.
The proposed WFNNPC is derived from the mathematical
expectation Ξ of the following predictive performance criterion:

J̄(k) =
1
2
Ξ

⎧⎨⎩
Np∑
j=1

(r(k + j) − y(k + j))2

+
Nu∑
j=1

qjΔu2(k + j − 1)

⎫⎬⎭ (30)

where Np is the predictive output horizon, Nu is the control
horizon, qj is the selected weight, and r(k + j) ∈ � is a known
bounded reference input for discrete time k + j. In general, Np

is chosen to encompass all the responses that are significantly
affected by the present control, and more typically, NpT is the
same magnitude as the rise time of the controlled process using
sampling time T [42].

With the j-step-ahead prediction of y(k), the cost function
should be rewritten as the following new cost function:

J
�

(k)=
1
2

Np∑
j=1

(r(k+j)−ŷ(k+j))2+
1
2

Nu∑
j=1

qjΔu2(k+j−1)

=
1
2

Np∑
j=1

ê2(k+j)+
1
2

Nu∑
j=1

qjΔu2(k+j−1). (31)

ŷ(k + j) can utilize this multistep-ahead neural predictor with
the convergent parameters of the WFNN under the bounded
inputs in [27] and [30].

To design the WFNNPC controller, the cost function in (31)
is equivalently expressed in the following quadratic form:

J
�

(k) =
1
2
ÊT (k)Ê(k) +

1
2
QΔUT (k)ΔU(k) (32)

where

Ê(k) = [ê(k + 1)ê(k + 2) · · · ê(k + Np)]
T

Q = diag [q1q2 · · · qNu
]T

ΔU(k) = [Δu(k)Δu(k + 1) · · · Δu(k + Nu − 1)]T .

(33)

The increment control vector ΔU(k) is derived from the
optimization of the cost function (32) based upon using the
gradient descent method, i.e.,

U(k + 1) = U(k) − ᾱ
∂J

�
(k)

∂U(k)

= U(k) + ᾱGT (k)Ê(k) − ᾱQΔU(k). (34)

From (34), the change of the control input vector U(k) is
defined as follows:

ΔU(k) = (I + ᾱQ)−1ᾱGT (k)Ê(k) (35)

where

G(k) =

⎡⎢⎢⎢⎢⎣
∂ŷ(k+1)

∂u(k) 0 · · · 0
∂ŷ(k+2)

∂u(k)
∂ŷ(k+2)
∂u(k+1) · · · 0

...
...

. . .
...

∂ŷ(k+Np)
∂u(k)

∂ŷ(k+Np)
∂u(k+1) · · · ∂ŷ(k+Np)

∂u(k+Nu−1)

⎤⎥⎥⎥⎥⎦ . (36)

By using Nu = 1, the predictive controller takes less com-
putational requirement to overcome a major obstacle to this
control method that demands for large matrix inversion and
matrix multiplications in solving the optimization problems.
References [4], [10], [17], and [43] have shown that the pre-
dictive controllers with a limited control horizon are capable of
controlling industrial systems with satisfactory performances.
Thus, this study employs the control horizon to be one in the
proposed controller design. Then, the increment control Δu(k)
can be expressed in the following form:

Δu(k) =
ᾱ

1 + ᾱq1
gT (k)Ê(k) (37)
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where

g(k) =
[
∂ŷ(k + 1)

∂u(k)
∂ŷ(k + 2)

∂u(k)
· · · ∂ŷ(k + Np)

∂u(k)

]T
. (38)

By applying the chain rule method, one has ∂ŷ(k +
j)/∂u(k) in (38) as follows:

∂ŷ(k + j)
∂u(k)

=
L∑

�=1

∂ŷ(k + j)
∂ω�

∂ω�

∂φi�

∂φi�

∂ϑi�

∂ϑi�

∂u(k)

=
L∑

�=1

ν�(k + j)w�φ(ny+1)�

(
1 − ϑ2

(ny+1)�

)
ϑ(ny+1)�a(ny+1)�

.

(39)

Theorem 2 will show that the proposed WFNN-based pre-
dictive controller is convergent via an AOR. With such a
convergent WFNNPC, α/(1 + αq1) can be replaced by the new
optimal rate α. Therefore, the increment control Δu(k) of the
WFNNPC controller is given by

Δu(k) = αgT (k)Ê(k)

= α

Np∑
j=1

L∑
�=1

ν�(k + j)w�φ(ny+1)�

×

(
1 − ϑ2

(ny+1)�

)
ϑ(ny+1)�a(ny+1)�

(r(k + j) − ŷ(k + j)) . (40)

A. Convergence of WFNNPC

The following theorem states a sufficient condition of the
convergence of the WFNNPC via selecting an appropriate
optimal rate.

Theorem 2: One defines α to be the optimal rate for the
WFNNPC. Then, the convergence is guaranteed if α is chosen
to satisfy

0 < α <
2

λmax (g(k)gT (k))
(41)

where λmax is a maximum eigenvalue of g(k)gT (k).
Proof: Define a Lyapunov function candidate L(k) as

L(k) = ÊT (k)Ê(k), and then, one has

ΔL(k) = L(k + 1) − L(k) = ΔÊT (k)
(
2Ê(k) + ΔÊ(k)

)
(42)

Fig. 2. Block diagram of the proposed control system.

since ΔÊ(k) can be represented as

ΔÊ(k) =
∂Ê(k)
∂u(k)

Δu(k)

= − αg(k)gT (k)Ê(k). (43)

From (43), (42) can be expressed as

ΔL(k)= −α
(
g(k)gT (k)Ê(k)

)T(
2Ê(k)−αg(k)gT (k)Ê(k)

)
= −αÊT (k)g(k)gT (k)

(
2I−αg(k)gT (k)

)
Ê(k) (44)

where I is an identity matrix of order Np.
Lemma 1: Let a matrix function be defined as (κI − A)X =

0, where A is an Np-by-Np symmetric matrix and X is an Np-
by-1 vector. Then, the eigenvalues of A can be represented as
κ(A) = [κ1 κ2 · · · κNp

]T , where κ1 ≥ κ2 ≥ · · · ≥ κNp
.

By using Lemma 1 and (44), the optimal rate α is set
according to (41) so as to have ΔL(k) ≤ 0, which implies that
the WFNNPC is convergent.

B. Real-Time Adaptive Control Algorithm

Fig. 2 shows a conceptual diagram of the proposed control
system. An adaptive control procedure is employed recursively
to update the WFNN and, therefore, the WFNNPC controller.
The computations at each time instant k can be outlined in the
following steps.

Step 1) Set ny , nu, L, β, Np, β, and r(k).
Step 2) Offline train the parameters of the WFNN.
Step 3) Sample the plant output y(k).
Step 4) Update the parameters of the WFNN via (10)–(19)

and an ALR from (45), shown at the bottom of the
page.

Step 5) Compute the increment control output Δu(k) via
(40) and an AOR from (46).

Step 6) Output the control signal to the controlled plant.
Step 7) Repeat steps 3)–6).

η =
β(

∂ŷ(k)
∂W

)T
∂ŷ(k)
∂W

=
β

L∑
�=1

n∑
i=1

((
∂ŷ(k)
∂mi�

)2

+
(

∂ŷ(k)
∂σi�

)2

+
(

∂ŷ(k)
∂bi�

)2

+
(

∂ŷ(k)
∂ai�

)2

+
(

∂ŷ(k)
∂w�

)2
) (45)
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To guarantee the learning rate and the optimal rate in the
stable region, the ALR for training the parameters of the
WFNN model is obtained from Theorem 1 and given as (45),
shown at the bottom of the previous page, where 0 < β < 2
and ∂ŷ(k)/∂mi�, ∂ŷ(k)/∂σi�, ∂ŷ(k)/∂bi�, ∂ŷ(k)/∂ai�, and
∂ŷ(k)/∂w� are obtained from (15)–(19), respectively.

Similarly, the AOR for the WFNNPC controller is obtained
from Theorem 2 and given by

α =
β

λmax (g(k)gT (k))
(46)

where

0< β<2

g(k)gT (k)=

⎡⎢⎢⎢⎣
g2
1 g1g2 · · · g1gNp

g1g2 g2
2 · · · g2gNp

...
...

. . .
...

g1gNp
g2gNp

· · · g2
Np

⎤⎥⎥⎥⎦ (47)

gj =
L∑

�=1

ν�(k+j)w�φ(ny+1)�

(
1−ϑ2

(ny+1)�

)
ϑ(ny+1)�a(ny+1)�

. (48)

C. Stability Analysis

This section indicates that the proposed overall control sys-
tem will be stable via the Lyapunov stability theorem.

Theorem 3: Assume that the WFNN (8) is controlled by
(40), the upper bounds for ny and nu are known, and the
estimated parameters of mi�, σi�, bi�, ai�, and w� are convergent
and uniformly bounded. Then, the stability of the closed-loop
system is guaranteed.

Proof: Consider a Lyapunov function candidate as

V (k) = ẽ2(k) + W̃T (k)W̃ (k) (49)

where ẽ(k) = e(k) − ê(k), W̃ (k) = W ∗ − Ŵ (k), and Ŵ (k)
is the estimate of ideal WFNN weight W ∗. We have

ΔV (k) = 2ẽ(k)Δẽ(k) + Δẽ(k)Δẽ(k)

+ 2W̃T (k)ΔW̃ (k) + ΔW̃T (k)ΔW̃ (k). (50)

The dynamics of the tracking error e(k) = r(k) − y(k) is
given by

e(k + 1) = r(k + 1) − f (z(k), u(k)) − ξ(k + 1) (51)

where

z(k)=[y(k), . . . , y(k−ny+1), u(k−1), . . . , u(k−nu+1)]T .

From [27], there exists an ideal control input u∗(z(k)) such that

r(k + 1) − f (z(k), u∗ (z(k))) = 0

where

z(k) =
[
zT (k), r(k + 1)

]T
.

Adding and subtracting f(z(k), u∗(z(k))) on the right-hand
side of (51) lead to

e(k+1)=f (z(k), u∗ (z(k)))−f (z(k), u(k))−ξ(k+1).

Using the mean value theorem [38], one has

e(k+1)=ϕ (W ∗, z(k), uc(k)) (u∗ (z(k))−u(k))−ξ(k+1)

where

uc(k) ∈ [min {u(k), u∗ (z(k))} ,max {u(k), u∗ (z(k))}] .

According to that the WFNN has a universal approximation
property, one leads to

ẽ(k + 1) = e(k + 1) − ê(k + 1) = ŷ(k + 1) − y(k + 1)

= ϕ̂
(
Ŵ (k), z(k), uc(k)

)
u(k)

− ϕ (W ∗, z(k), uc(k)) u(k)

− ε(k + 1) − ξ(k + 1) (52)

where ε(k) is the WFNN approximation error. From (52), it can
be derived that

Δẽ(k) = −
(

ϕ (W ∗,Δz(k),Δuc(k))

− ϕ̂
(
Ŵ (k),Δz(k),Δuc(k)

))
Δu(k)

− Δε(k) − Δξ(k). (53)

For convenience, denote ϕ(k) = ϕ(W ∗,Δz(k),Δuc(k)),
ϕ̂(k) = ϕ̂(Ŵ (k),Δz(k),Δuc(k)), and ϕ̃(k) = ϕ(k) − ϕ̂(k).
Substituting the control law (40) into (53) yields the following
equation:

Δẽ(k) = −αϕ̃(k)gT (k)Ê(k) − d(k) (54)

where d(k) = Δε(k) + Δξ(k).
To obtain ΔW̃ (k), (10)–(14) can be equivalently expressed

in the following form:

Ŵ (k + 1) = Ŵ (k) − ηẽ(k)
∂ŷ(k)
∂Ŵ

(55)

where Ŵ = W = [m11 · · ·mnLσ11 · · ·σnLb11 · · · bnLa11 · · ·
anLw1 · · ·wL]T . Subtracting W ∗ into both sides of (55), one
leads to

ΔW̃ (k) = −ηẽ(k)S(k) (56)

where S(k) = ∂ŷ(k)/∂Ŵ . By using (54) and (56), (50) can be
rewritten as

ΔV (k) = − 2αẽ(k)ϕ̃(k)gT (k)Ê(k) − 2ẽ(k)d(k)

a + d2(k) + 2αd(k)ϕ̃(k)gT (k)Ê(k)

+ α2ϕ̃2(k)ÊT (k)g(k)gT (k)Ê(k)

− 2ηẽ(k)W̃T (k)S(k) + η2ẽ2(k)ST (k)S(k).
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Substituting the ALR (45) and the AOR (46) into the change
in the Lyapunov function yields the following equation:

ΔV (k) = − 2αẽ(k)ϕ̃(k)gT (k)Ê(k) − 2ẽ(k)d(k) + d2(k)

+ 2αd(k)ϕ̃(k)gT (k)Ê(k) + αβϕ̃2(k)ÊT (k)Ê(k)

− 2ηẽ(k)W̃T (k)S(k) + ηβẽ2(k). (57)

Noting the facts

αẽ(k)ϕ̃(k)gT (k)Ê(k) < ẽ2(k) + αβϕ̃2(k)ÊT (k)Ê(k)

ẽ(k)d(k) < ẽ2(k) + d2(k)

2αd(k)ϕ̃(k)gT (k)Ê(k) ≤ d2(k) + αβϕ̃2(k)ÊT (k)Ê(k)

2ηẽ(k)W̃T (k)S(k) ≤ W̃T (k)W̃ (k) + ηβẽ2(k).

One has the following inequality from (57):

ΔV (k) < −4ẽ2(k) − W̃T (k)W̃ (k).

Therefore, the stability of the resulting overall system is
guaranteed.

IV. ILLUSTRATIVE EXAMPLES

In order to evaluate the performance of the proposed method,
the illustrative examples are carried out for both identification
and control purposes. From the condition of Theorem 1, the
parameter of the ALR that guarantees the maximum conver-
gence is β = 1, i.e., η = 1/(∂ŷ(k)/∂W )T (∂ŷ(k)/∂W ). Train
the network parameters of the WFNN using the input–output
data of the nonlinear system; the fuzzy rule of the WFNN is
chosen as L = 3 that the WFNN model can be effective under
each illustrative nonlinear system. The computations of the
WFNNPC are directly obtained from the optimization of the
predictive performance criterion based on the WFNN model by
using the gradient descent optimizing technique. The parameter
β of the AOR in each example was determined based on the
satisfactory control performance.

Example 1 (Identification of a Nonlinear Function): In order
to validate the validity of the WFNN, a simulation is made with
the following function [31]:

y =
√

64 − 81 ((x1 − 0.6)2 + (x2 − 0.5)2)/9 − 0.5. (58)

In this example, the initial values of mi�, σi�, bi�, ai�, and
w� of the WFNN are given randomly in the range of [0, 1], and
the parameter of the ALR is set as β = 1. Three fuzzy rules
are applied for the WFNN structure, in which x1, x2, y, and
ŷ denote input 1, input 2, the target output, and the network
output, respectively. For the identification of the nonlinear
function, the inputs are randomly generated in the interval
[0, 1].

Having an offline training by 1000 samples, the whole
training procedure uses 100 iterations. The output response
of the function validation test is shown in Fig. 3. Here, the
function validation has 100 test points, and the average relative
error of the WFNN output is less than 2%. One compared the
performance of the proposed network with that of other existing

Fig. 3. WFNN output for identification.

TABLE I
PERFORMANCE COMPARISON OF VARIOUS NETWORKS

NN methods (an Elman-style recurrent network [32], a fuzzy-
rule radial basis function NN [31], and a recurrent fuzzy NN
(RFNN) [10]). As shown in Table I, the average relative error
of the proposed WFNN using the ALR is smaller than that of
other NNs.

Example 2 (Identification of a Nonlinear Dynamic System):
This example considers the second-order nonlinear system that
has been used in [1]. The system is described by the difference
equation

y(k)=f (y(k−1), y(k−2), y(k−3), u(k−1), u(k−2)) (59)

where

f(x1, x2, x3, x4, x5) =
x1x2x3x5(x3 − 1) + x4

1 + x2
2 + x2

3

.

Here, the current output of the system depends on three
previous outputs and previous inputs. The values of the WFNN
parameters are initialized in the interval [−1, 1]; the parameter
of the ALR is set as β = 1, and three fuzzy rules are applied for
the WFNN structure. For the identification of the system, (60)
is used, shown at the bottom of the next page.

To evaluate the performance of the WFNN, one defines the
root-mean-square error (rmse) Ψ as follows:

Ψ =

√√√√√ S∑
k=1

(y(k) − ŷ(k))2

S
(61)

where S is the total number of samples.
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Fig. 4. RMSE of the WFNN.

Fig. 5. Results of identification.

The training is continued for 100 epochs with 1000 time
steps in each epoch. Figs. 4 and 5 show the performance of
the WFNN, and Table II compares the rmse values with the
other approaches reported in the literature, namely, ENN [32],
RSONFIN [7], and RFNN [10]. As can be seen, the rmse values
in WFNN are less than those in the other NNs.

In examples 1 and 2, the WFNN is a weighted sum of local
wavelet fuzzy models, and the RFNN [10] is the weighted sum
of local ARMA models. In Tables I and II, the function approx-
imation performance and the system modeling accuracy of the
proposed WFNN are better than those of the Takagi–Sugeno-
based RFNN [10].

Example 3 (Control of a Nonlinear Dynamic System [18]):
In this example, the proposed WFNN structure is used for the

TABLE II
RESULTS OF VARIOUS NETWORKS FOR DYNAMIC

SYSTEM IDENTIFICATION

WFNNPC of the dynamic system by the following difference
equation:

y(k) = 0.72y(k − 1) + 0.025y(k − 2)u(k − 1)

+ 0.01u2(k − 2) + 0.2u(k − 3). (62)

The objective is to make the system output y(k) track a
reference input using the proposed controller and the time-
varying reference input r(k) specified by

r(k) = sin
(

kπ

100

)
, 0 < k ≤ 400. (63)

The initial values of the parameters of the WFNN are gener-
ated randomly, in the interval [−1, 1]. The three fuzzy rules are
used in the WFNN structure. From the system model (62), (62)
indicates that the input variables of the WFNN are specified by
{y(k − 1), y(k − 2), u(k − 1), u(k − 2), u(k − 3)}. The pre-
diction horizon of the WFNNPC controller is selected as Np =
5, and the parameters of the ALR and the AOR are given by
β = 1 and β = 0.05, respectively.

Fig. 6 shows the output response and tracking error of the
proposed control system and that the error response remains
within 0.0224. The result reveals that the WFNNPC controller
demonstrates the satisfied tracking performance for this class of
nonlinear dynamic systems.

Example 4 (Control of a Nonlinear Dynamic System [1]):
The system model is described as follows:

y(k) = f (y(k − 1), y(k − 2)) + u(k − 1) (64)

where

f (y(k − 1), y(k − 2)) =
y(k − 1)y(k − 2) (y(k − 1) + 2.5)

1 + y2(k − 1) + y2(k − 2)
.

(65)

u(k) =

⎧⎪⎨⎪⎩
sin(πk/25), k < 250
1, 250 ≤ k < 500
−1, 500 ≤ k < 750
0.3 sin(πk/25) + 0.1 sin(πk/32) + 0.6 sin(πk/10), 750 ≤ k < 1000

(60)
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Fig. 6. Tracking/error responses.

Fig. 7. Output response under external disturbances.

Simulation was performed for two sets of reference inputs r(k),
and the parameters are given by

r(k) =

⎧⎪⎨⎪⎩
15, 0 < k ≤ 100
10, 100 < k ≤ 200
15, 200 < k ≤ 300
10, 300 < k ≤ 400

ny = 2 nu = 1 L = 3

β = 1 Np = 5 β = 0.06. (66)

To investigate the WFNNPC controller’s ability to reject
disturbances, constant-load disturbances d(k), where d(k) =
0.5 at 150 ≤ k < 250 and d(k) = −0.5 at k ≥ 250, were added
to the mathematical model (64).

Figs. 7 and 8 show the output response, the control signal,
and the error response of the control system. The ALR for
learning the WFNN model is shown in Fig. 9(a), and the
AOR for stable tracking of the WFNNPC controller is shown
in Fig. 9(b). The results indicate that the proposed controller
has short setting times and small maximum overshoots, which

Fig. 8. (a) Control signal. (b) Tracking error response for 320 ≤ k ≤ 400.

Fig. 9. (a) ALR for the WFNN identifier. (b) AOR for the WFNNPC
controller.

exhibit that the proposed controllers have good disturbance
rejections.

Example 5 (Control of a Two-Link Planar Robot Arm [40]):
The dynamics of the robot manipulator with rigid links can be
written as

M(θ)θ̈ + V (θ, θ̇) + G(θ) = τ (67)

where θ ∈ �2 is the joint variable vector, M(θ) ∈ �2×2 is the
inertia matrix, V (θ, θ̇) ∈ �2 is the Coriolis/centripetal vector,
G(θ) ∈ �2 is the gravity vector, τ ∈ �2 is the control input
vector, and M(θ), V (θ, θ̇), and G(θ) are shown in the equations
at the bottom of the next page.

Similar to [40], m1 = 1 kg, m2 = 1 kg, a1 = 1 m, a2 = 1 m,
and g = 9.8 m/s. In this example, we would like to track the
reference trajectories r = [50◦ 60◦]T with initial conditions
θ(0) = [0 10◦]T and θ̇(0) = [0 0]T . Fig. 10 shows the control
architecture of the robot arm. The initial values of the para-
meters of the WFNN identifiers are generated randomly, in
the interval [0 10]T . The three fuzzy rules are used in each
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Fig. 10. Control architecture of the robot arm.

Fig. 11. (a) Angle response. (b) Steady-state response.

WFNN structure; the parameter of the ALR is given by β =
1; the predictive output horizon and the AOR’s parameter of
the WFNNPC controllers are Np = 5 and β = 0.03, and the
sampling period in the controlled system is 10 ms. In the pres-
ence of coupled elements in the multiple-input–multiple-output
nonlinear dynamic system, Fig. 11 shows that the WFNNPC

controllers have the steady-state errors in the bound of 0.08◦

and 0.12◦ corresponding to θ1 and θ2. The results reveal that the
proposed control strategy demonstrates the satisfied tracking
performance for the two-link planar robot arm.

Example 6 (Control of a Physical Positioning Mechanism):
Fig. 12 shows a schematic diagram of the position control
system. The plant was mounted on an aerostatic bearing slide
and driven by the air-lubricated capstan drive. The slide has a
travel stroke of 150 mm. To obtain high stability characteristics
and reduce geometric error, the whole system was supported
by a granite block base (900 mm × 600 mm × 150 mm). The
DMC-1842 motion controller (Galil Motion Control, Inc.) for
the control of the positioning mechanism is inserted in the
slot of an industrial computer. The main processing unit of
the DMC-1842 is a specialized 32-b Motorola 68331 series
microcomputer with 2-MB RAM and 2-MB Flash EEPROM.
The motion controller can provide sinusoidal commutation for
a brushless motor, and the controller uses a digital-to-analog
converter to generate a ±10-V analog signal. For a brushless dc
motor, a power amplifier (MSA 12-80) that provides electronic
commutation is required, and the amplifier is pulsewidth mod-
ulated (PWM). The resolution of the linear encoder is 1 nm,
and the sampling period in this control system adopted here
is 10 ms. The industrial computer is responsible for editing,
compiling, and running C program codes for the controller.

M(θ) =
[

(m1 + m2)a2
1 + m2a

2
2 + 2m2a1a2 cos θ2 m2a

2
2 + m2a1a2 cos θ2

m2a
2
2 + m2a1a2 cos θ2 m2a

2
2

]
V (θ, θ̇) =

[
−m2a1a2(2θ̇1θ̇2 + θ̇2

2) sin θ2

m2a1a2θ̇
2
1 sin θ2

]
G(θ) =

[
(m1 + m2)ga1 cos θ1 + m2ga2 cos(θ1 + θ2)

m2ga2 cos(θ1 + θ2)

]
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Fig. 12. Schematic diagram of the position control system.

Fig. 13. (a) Step response of the position control system. (b) Detailed behavior for 0 < k ≤ 40. (c) Detailed behavior for 200 < k ≤ 400.

The first experiment was conducted to test the displace-
ment regulation and disturbance rejection capability of the
proposed method. The parameter and the input variable ob-
tained from the experimental input/output data of the position
control system are L = 3 and {y(k − 1), u(k − 1)}. The pre-
diction horizon, the parameter of the ALR, and the parameter
of the AOR were selected as Np = 5, β = 1, and β = 0.03,
respectively.

Fig. 13 shows the 100-μm step response and the steady-state
error of the position control system. The resultant maximum
overshoot was less than 5 μm, and the steady-state errors
remained within ±1 μm. Fig. 13(c) shows that the output
response of the positioning mechanism has an oscillation be-
havior, which exhibits that the PWM-actuated brushless dc
motor has the vibrating disturbances.

The second experiment was performed to examine the track-
ing capability of the WFNNPC controller. The experiment is

conducted using employing the time-varying command r(k)

r(k) =

{ 100 μm, 0 < k ≤ 800
−100 μm, 800 < k ≤ 1200
0 μm, 1200 < k ≤ 1600.

(68)

Fig. 14 shows the satisfactory output response of the pro-
posed WFNNPC controller with the reference input r(k), and
the results indicate that the tracking errors remained within
±1 μm. Through experimental results, the proposed control
algorithm has been successfully shown to meet the tracking
performance for a physical positioning mechanism under set
point changes, and gives satisfactory control performance.

V. CONCLUSION

This paper has presented a WFNN structure for identify-
ing and controlling nonlinear dynamic systems. The WFNN
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Fig. 14. (a) Output response of the position control system. (b) Detailed behavior for 1200 < k ≤ 1250. (c) Detailed behavior for 1400 < k ≤ 1600.

is a multilayered connectionist network for realizing fuzzy
inference, and each rule includes a wavelet function in the
consequent part of the fuzzy rules. The WFNN was proven
to be a convergent network. The WFNNPC controller with
the generalized predictive performance criterion is designed
for the control of nonlinear systems. This type of controller
has its simplicity in parallel to conventional GPC design and
efficiency to deal with complex nonlinear dynamics. The sta-
bility analysis of the closed-loop control system is presented
by the discrete Lyapunov stability theory. The real-time control
algorithm, including the ALR and the AOR for the WFNN and
the WFNNPC, respectively, has been successfully applied to
the illustrative nonlinear dynamic systems and the aerostatic
precision positioning stage with an air-lubricated capstan drive
system. The effectiveness of the proposed control system has
been confirmed through computer simulations and experimen-
tal results.
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