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Although chaotic systems with hidden attractors have been discovered recently, there are few
investigations about relationships among them. This brief work introduces a novel chaotic system
with only one stable equilibrium that is constructed by adding a tiny perturbation into a known
chaotic flow having hidden attractors with a line equilibrium.
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1. Introduction

A possibility of finding a chaotic system with only
one stable equilibrium has been presented by Wang
and Chen [2012]. The striking discovery not only
shows that there are still new mysterious features of
chaos but also opens new attractive research direc-
tions [Wang & Chen, 2013; Kingni et al., 2014; Lao
et al., 2014; Wei et al., 2015a; Wei et al., 2015b;
Wei et al., 2015c; Wei et al., 2015d; Brezetskyi
et al., 2015; Dudkowski et al., 2016]. For example,
chaotic systems with an infinite number of equi-
librium points [Jafari & Sprott, 2013; Gotthans &
Petrzela, 2015; Gotthans et al., 2016], with one sta-
ble equilibrium [Molaie et al., 2013; Wei & Zhang,
2014; Wei et al., 2016] or chaotic systems with-
out any equilibrium points [Wei, 2011; Wang et al.,
2012; Jafari et al., 2013; Wei et al., 2014] have been
discovered recently. Interestingly, from the view-
point of computation such systems can be consid-
ered as systems with “hidden attractors” [Leonov
et al., 2011a; Leonov et al., 2011b; Leonov et al.,
2015b; Dudkowski et al., 2016]. Systems with “hid-
den attractors” are important and have received
considerable attention in recent years [Leonov et al.,
2014; Sharma et al., 2015a, 2015b; Leonov et al.,
2015a; Wei et al., 2015c; Shahzad et al., 2015;
Zhusubaliyev & Mosekilde, 2015].

Conventionally, the study of chaotic systems
starts often with the study of equilibria. Systems
with hidden attractors are proofs for this fact that
the information on the number of equilibria and
their types does not reflect, in itself, any difficul-
ties in the study of the considered system (the
study of equilibria, themselves, is not the problem).
The challenging problems are finding attractors,
explaining their formations, and the construction
of systems with specific attractors, which are not
necessarily related to the behavior of equilibria. It
seems that investigating hidden attractors can help
us to find the real answers of some open questions
in chaos and nonlinear dynamics, since some old
answers fail here.

Although the fact that different chaotic systems
with hidden attractor have been reported, relation-
ships among them should be studied further. One
of the most interesting relationships is how we can
achieve a new chaotic system with hidden attrac-
tors from another known one with hidden attrac-
tors. To the best of our knowledge, there is little
information related to this topic in the literature.
For example, a chaotic system having an infinite

System
with infinite
equilibria

[Pham et al., 2014] This work

System
without
equilibrium

System with
one stable
equilibrium

Fig. 1. Three main families of chaotic systems with hidden
attractors (chaotic ones with only one stable equilibrium,
with infinite equilibria, and without equilibrium) and their
relationships.

number of equilibrium points has been converted
into another new chaotic system without equilib-
rium [Pham et al., 2014] as illustrated in Fig. 1.
In this work, we introduce a new chaotic system
with only one stable equilibrium. Especially, such
new system is constructed from a system with infi-
nite equilibria. In addition, its dynamics and circuit
implementation are also investigated.

2. New System with Only One
Stable Equilibrium

We consider the simple chaotic flow LE; [Jafari &
Sprott, 2013], which is described by

T =y,
j=—a+yz, W
z=—x—axy — brz,

in which z, y, z are state variables while a, b are pos-
itive parameters. The system (1) has a line of equi-
libria E(0,0,z) and can generate chaos [Jafari &
Sprott, 2013].

By applying a tiny perturbation to the sys-
tem (1), we can change its number of equilibrium
points while preserving its chaotic dynamics [Wei,
2011; Wang & Chen, 2012]. Therefore, a new sys-
tem is constructed by adding a simple parameter c
into the system (1) as follows

T =y,
y=—x+yz+c, (2)
Z=—x—axy — brz,

1750053-2



where a, b are positive parameters (a,b > 0) and ¢
is the real parameter.

Obviously, the new system (2) becomes the sys-
tem with an infinite number of equilibrium (1) for
¢ = 0. However, there is the presence of countable
equilibrium points in the system (2) for ¢ # 0. We
concentrate on this case.

The equilibrium of the system (2) is found by
solving

y =0, (3)
—z+yz+c=0, (4)
—x —azy — brz = 0. (5)

From Egs. (3)-(5), it is easy to see that the new
system (2) has only one equilibrium E(c,0, —).

By linearizing the system (2) at the equilibrium
E, we get the Jacobian matrix

0 1 0
1
Jg=1|-1 — 0 |. (6)
b
0 —ac —be

Therefore, the characteristic equation at the equi-
librium point F is

(A + be) ()\2 - %A - 1> = 0. (7)

We can rewrite Eq. (7) in another form:
X+ X%+ fyd+ fo =0, (8)

in which f, = bc + %, fy = 1+4+¢, and f, = be
According to the Routh—-Hurwitz stability criterion,
the equilibrium is stable for a > 0, b > 0, ¢ >0
since f, >0, f, > 0, f, > 0,and f,f, > f,. In other
words, we can obtain a system with only one stable
equilibrium from the system with infinite equilibria
by changing the value of the parameter c. In the
next section, we report the chaoticity of the sys-
tem (2) with only one stable equilibrium.

3. Chaotic Behavior of the System
with Only One Stable
Equilibrium

When a = 15, b =1, and ¢ = 0.001, the system (2)
has only one stable equilibrium £(0.001,0, —1) with
three eigenvalues A\; = —0.001, A2 3 =—0.5+£ 0.8661.
Interestingly, the system is chaotic although hav-
ing only one stable equilibrium. Its chaotic attrac-
tors are presented in Fig. 2. The well-known Wolf’s

Generating a Chaotic System with One Stable Equilibrium

1

0.5¢

Fig. 2.  Phase portraits of the system with only one stable
equilibrium (2) in (a) z—y plane, (b) z—z plane and (c) y—=
plane for a = 15, b = 1, ¢ = 0.001, and the initial condition
(z(0),y(0),2(0)) = (0,0.5,0.5).

method [Wolf et al., 1985] has been applied to
calculate the Lyapunov exponents. We have used
the initial point (2(0),y(0), 2(0)) = (0,0.5,0.5) and
the computational time 7' = 10000. Lyapunov

1750053-3
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16 18 20 22
a

Fig. 3. Bifurcation diagram of the system with only one
stable equilibrium when varying the bifurcation parameter a
for b =1 and ¢ = 0.001.

exponents and local Kaplan—Yorke dimension of the
trajectory are Ly = 0.0833, Ly = 0, Ly = —0.5331,
and Dgy = 2.1563, respectively. One may claim
Lyapunov exponents are similar for almost all ini-
tial points on an attractor based on the ergodic-
ity of the system. However, it is worth noting that
the rigorous verification of the system’s ergodicity
is a challenging task. As a result, we should con-
sider a grid of initial points on the attractor, cor-
responding to Lyapunov exponents as well as local
Lyapunov dimensions [Kuznetsov, 2016; Kuznetsov
et al., 2016a; Leonov et al., 2016]. Therefore, the
Lyapunov dimension of the attractor is equal to the
maximum of the corresponding local dimensions.
Furthermore, an additional question is how to inter-
pret the values of Lyapunov exponents and local

15 15.5 16 16.5 17 17.5 18
a

Fig. 4. Bifurcation diagram of the system with only one
stable equilibrium when decreasing the value of parameter a
from 18 to 14.7 for b = 1 and ¢ = 0.001.

0.1

0.08f

0.06|

MLE

0.041

0.021

15 15.5 16 16.5 17 17.5 18
a

Fig. 5. Maximum Lyapunov exponents of the system with
only one stable equilibrium versus the parameter a.

Lyapunov dimensions, which should be investigated
further.

In order to show the dynamical behavior of
the system (2), we have decreased the value of the
parameter a for b = 1 and ¢ = 0.001. A route from
period-doubling limit cycles to chaos is observed
in Fig. 3. The state of the system is periodic for
a > 17.5. However the system’s states are complex
for the range a < 17 (see Figs. 4 and 5) in which it
can exhibit chaotic behavior. It is worth noting that
the Shilnikov method cannot be applied to verify
chaos in this case [Shilnikov, 1965; Shilnikov et al.,
1998; Dudkowski et al., 2016] and chaotic attractor
is hidden [Leonov et al., 2011a; Leonov et al., 2011b;
Leonov et al., 2015b; Dudkowski et al., 2016].

4. Discussion

The system (2) is a universal example to illus-
trate the presence of self-excited attractors and hid-
den attractors [Leonov et al., 2011a; Leonov et al.,
2011b; Leonov et al., 2015b] (see Table 1). As shown
in Table 1, the system (2) displays self-excited
chaotic attractor for the case A. The system (2) can
exhibit different hidden attractors such as hidden
chaotic attractors with an infinite number of equi-
librium points (case B) and hidden chaotic attrac-
tors with only one stable equilibrium (case C).
Furthermore, we can design an electronic cir-
cuit to implement the proposed system (2). Figure 6
presents the schematic of our designed circuit. The
circuit includes four operational amplifiers (U;—
Uy), three AD633 analog multipliers (Us-Uy), 11
resistors and three capacitors. The voltages at the

1750053-4
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Table 1. Three cases with the initial condition (2(0),y(0), z(0)) = (0, 0.5, 0.5).

Case Parameters Equilibria Eigenvalues Lyapunov Exponents Kaplan—Yorke Dimension

A a=15 E(-0.001,0,—1) A1 = 0.001 L =0.0728 Dgy = 2.1347
b=1 )\2,3 = —0.5 £ 0.866% Lo=0
c= —0.001 L3 = —0.5403

B a=15 E(0,0, 2) A1 =0 Ly =0.0717 Dky = 2.1371

1

b=1 )\2,3=§(Z:|:\/Z2—4) Ly =0
c=0 L3 = —0.5232

C a=15 E(0.001,0,—-1) A1 = —0.001 L1 =0.0833 Dky = 2.1563
b=1 A2.3 = —0.5 £ 0.866¢ Ly =0
c¢=0.001 L3 = —0.5331

j'_
15V
| 'l' 15V

v

C
Il
I

V-

Fig. 6. Schematic of the circuit including common electronic components.
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Fig. 7. Obtained PSpice phase portraits from the circuit in
(a) X-Y plane, (b) X—Z plane and (c) Y—Z plane.

outputs of operational amplifiers are denoted as X,
Y, and Z.
The circuital equations are described by

1
X =—(Y),
),
. 1 R R
Y=—|-X4+—=YL——V_.|,
RC( +R110V Rcv>/
. 1 R Ri+ Ry R
J=—-X—-———"TF-XY - ———X7).
RC( R, R110V Ry10V )

(9)
By normalizing the circuital equation (9) with 7 =
%, it is equivalent to the system (2). The cir-
cuit is implemented in the Cadence OrCAD with
the values of components as follows: R = 20k,
Ry = 10k, Ry = 10k, R, = 1.333k), Ry, =
10k, R, =20k, V. = —5mVpc and C' = 4.7nF.
PSpice results are reported in Fig. 7. The simi-
larity between the theoretical attractors (Fig. 2)
and the circuital ones (Fig. 7) shows the feasibil-
ity of the theoretical system (2). Engineering appli-
cations of such system will be discovered in our
future researches due to its chaos and feasibility. It
is noted that there are various software simulators
of circuits such as Cadence OrCAD, SPICE, MAT-
LAB Simulink etc. However, results of such software
simulators depend on numerical procedures imple-
mented in the software and may be qualitatively dif-
ferent from the physical behavior of the considered
circuit [Bianchi et al., 2015; Bianchi et al., 2016;
Kuznetsov et al., 2016b]. Therefore, considerable
attention must be paid when using these software
simulators [Bianchi et al., 2015].

5. Conclusions

This work contributes to the knowledge of chaotic
systems with hidden attractors. The proposed sys-
tem also illustrates the conversion of a hidden
attractor, which is rarely reported. We believe that
such system can be used to study a route from self-
excited attractors to hidden attractors.

Acknowledgments

The authors would like to thank the reviewers for
their invaluable comments and suggestions on the
article. The authors acknowledge Prof. GuanRong
Chen, Department of Electronic Engineering, City
University of Hong Kong for suggesting many help-
ful references. This work has been supported by the

1750053-6



Polish National Science Centre, MAESTRO Pro-
gramme — Project No. 2013/08/A/ST8/00/780.

References

Bianchi, G., Kuznetsov, N. V., Leonov, G. A., Yulda-
shev, M. V. & Yuldashev, R. V. [2015] “Limitations
of PLL simulation: Hidden oscillations in MatLab and
SPICE,” Ultra Modern Telecommunications and Con-
trol Systems and Workshops (ICUMT), 2015 Tth Int.
Congr. (Brno, Czech Republic), pp. 79-84.

Bianchi, G., Kuznetsov, N. V., Leonov, G. A., Seledzhi,
S. M., Yuldashev, M. V. & Yuldashev, R. V. [2016]
“Hidden oscillations in SPICE simulation of two-
phase Costas loop with non-linear VCO,” IFAC-
PapersOnLine 49, 45-50.

Brezetskyi, S., Dudkowski, D. & Kapitaniak, T. [2015]
“Rare and hidden attractors in Van der Pol-Duffing
oscillators,” Fur. Phys. J. Special Topics 224, 1459
1467.

Dudkowski, D., Jafari, S., Kapitaniak, T., Kuznetsov, N.,
Leonov, G. & Prasad, A. [2016] “Hidden attractors in
dynamical systems,” Phys. Rep. 637, 1-50.

Gotthans, T. & Petrzela, J. [2015] “New class of chaotic
systems with circular equilibrium,” Nonlin. Dyn. 73,
429-436.

Gotthans, T., Sprott, J. C. & Petrzela, J. [2016] “Simple
chaotic flow with circle and square equilibrium,” Int.
J. Bifurcation and Chaos 26, 1650137.

Jafari, S. & Sprott, J. C. [2013] “Simple chaotic flows
with a line equilibrium,” Chaos Solit. Fract. 57, 79—
84.

Jafari, S., Sprott, J. & Golpayegani, S. M. R. H. [2013]
“Elementary quadratic chaotic flows with no equilib-
ria,” Phys. Lett. A 377, 699-702.

Kingni, S. T., Jafari, S., Simo, H. & Woafo, P. [2014]
“Three-dimensional chaotic autonomous system with
only one stable equilibrium: Analysis, circuit design,
parameter estimation, control, synchronization and
its fractional-order form,” FEur. Phys. J. Plus 129,
76.

Kuznetsov, N. V. [2016] “The Lyapunov dimension and
its estimation via the Leonov method,” Phys. Lett. A
380, 2142-2149.

Kuznetsov, N. V., Alexeeva, T. A. & Leonov, G. A.
[2016a] “Invariance of Lyapunov exponents and Lya-
punov dimension for regular and irregular lineariza-
tions,” Nonlin. Dyn. 85, 195-201.

Kuznetsov, N. V., Leonov, G. A., Mokaev, T. N. &
Seledzhi, S. M. [2016b] “Hidden attractor in the Rabi-
novich system, Chua circuits and PLL,” AIP Conf.
Proc. (Rhodes, Greece), p. 210008.

Lao, S.-K., Shekofteh, Y., Jafari, S. & Sprott, J. C. [2014]
“Cost function based on Gaussian mixture model
for parameter estimation of a chaotic circuit with a

Generating a Chaotic System with One Stable Equilibrium

hidden attractor,” Int. J. Bifurcation and Chaos 24,
1450010.

Leonov, G. A., Kuznetsov, N. V., Kuznetsova, O. A.,
Sekdzhi, S. M. & Vagaitsev, V. I. [2011a] “Hid-
den oscillations in dynamical systems,” Trans. Syst.
Contr. 6, 54-67.

Leonov, G. A., Kuznetsov, N. V. & Vagaitsev, V. 1.
[2011Db] “Localization of hidden Chua’s attractors,”
Phys. Lett. A 375, 2230-2233.

Leonov, G. A., Kuznetsov, N. V., Kiseleva, M. A.
Solovyeva, E. P. & Zaretskiy, A. M. [2014] “Hidden
oscillations in mathematical model of drilling system
actuated by induction motor with a wound rotor,”
Nonlin. Dyn. 77, 277-288.

Leonov, G. A., Kuznetsov, N. V. & Mokaev, T. N. [2015a]
“Hidden attractor and homoclinic orbit in Lorenz-like
system describing convective fluid motion in rotat-
ing cavity,” Commun. Nonlin. Sci. Numer. Simul. 28,
166-174.

Leonov, G. A., Kuznetsov, N. V. & Mokaev, T. N.
[2015b] “Homoclinic orbits, and self-excited and
hidden attractors in a Lorenz-like system describing
convective fluid motion — Homoclinic orbits, and self-
excited and hidden attractors,” Eur. Phys. J. Special
Topics 224, 1421-1458.

Leonov, G. A., Kuznetsov, N. V., Korzhemanova,
N. A. & Kusakin, D. V. [2016] “Lyapunov dimension
formula for the global attractor of the Lorenz system,”
Commun. Nonlin. Sci. Numer. Simul. 41, 84-103.

Molaie, M., Jafari, S., Sprott, J. C. & Golpayegani, S.
M. R. H. [2013] “Simple chaotic flows with one sta-
ble equilibrium,” Int. J. Bifurcation and Chaos 23,
1350188-1-7.

Pham, V.-T., Volos, C., Jafari, S., Wei, Z. & Wang, X.
[2014] “Constructing a novel no-equilibrium chaotic
system,” Int. J. Bifurcation and Chaos 24, 1450073.

Shahzad, M., Pham, V.-T., Ahmad, M. A., Jafari,
S. & Hadaeghi, F. [2015] “Synchronization and cir-
cuit design of a chaotic system with coexisting hidden
attractors,” Eur. Phys. J. Special Topics 224, 1637—
1652.

Sharma, P. R., Shrimali, M. D., Prasad, A., Kuznetsov,
N. V. & Leonov, G. A. [2015a] “Control of multistabil-
ity in hidden attractors,” Eur. Phys. J. Special Topics
224, 1485-1491.

Sharma, P. R., Shrimali, M. D., Prasad, A., Kuznetsov,
N. V. & Leonov, G. A. [2015b] “Controlling dynamics
of hidden attractors,” Int. J. Bifurcation and Chaos
25, 1550061-1-7.

Shilnikov, L. P. [1965] “A case of the existence of a count-
able number of periodic motions,” Sov. Math. Dokl.
6, 163-166.

Shilnikov, L., Shilnikov, A., Turaev, D. & Chua, L. [1998]
Methods of Qualitative Theory in Nonlinear Dynam-
ics (World Scientific, Singapore).

1750053-7



V.-T. Pham et al.

Wang, X. & Chen, G. [2012] “A chaotic system with
only one stable equilibrium,” Commun. Nonlin. Sci.
Numer. Simulat. 17, 1264-1272.

Wang, Z., Cang, S., Ochola, E. O. & Sun, Y. [2012]
“A hyperchaotic system without equilibrium,” Non-
lin. Dyn. 69, 531-537.

Wang, X. & Chen, G. [2013] “Constructing a chaotic
system with any number of equilibria,” Nonlin. Dyn.
71, 429-436.

Wei, Z. [2011] “Dynamical behaviors of a chaotic system
with no equilibria,” Phys. Lett. A 376, 102—108.

Wei, Z. & Zhang, W. [2014] “Hidden hyperchaotic
attractors in a modified Lorenz—Stenflo system with
only one stable equilibrium,” Int. J. Bifurcation and
Chaos 24, 1450127-1-14.

Wei, Z., Wang, R. & Liu, A. [2014] “A new finding of
the existence of hidden hyperchaotic attractors with
no equilibria,” Math. Comput. Simul. 100, 13-23.

Wei, Z., Sprott, J. C. & Chen, H. [2015a] “Elementary
quadratic chaotic flows with a single non-hyperbolic
equilibrium,” Phys. Lett. A 379, 2184-2187.

Wei, Z., Yu, P., Zhang, W. & Yao, M. [2015b] “Study
of hidden attractors, multiple limit cycles from Hopf

bifurcation and boundedness of motion in the general-
ized hyperchaotic Rabinovich system,” Nonlin. Dyn.
82, 131-141.

Wei, Z., Zhang, W., Wang, Z. & Yao, M. [2015¢] “Hidden
attractors and dynamical behaviors in an extended
Rikitake system,” Int. J. Bifurcation and Chaos 25,
1550028-1-11.

Wei, Z., Zhang, W. & Yao, M. [2015d] “On the periodic
orbit bifurcating from one single non-hyperbolic equi-
librium in a chaotic jerk system,” Nonlin. Dyn. 82,
1251-1258.

Wei, Z., Moroz, 1., Wang, Z., Sprott, J. C. & Kapitaniak,
T. [2016] “Dynamics at infinity, degenerate Hopf and
zero-Hopf bifurcation for Kingni-Jafari system with
hidden attractors,” Int. J. Bifurcation and Chaos 26,
1650125-1-16.

Wolf, A., Swift, J. B., Swinney, H. L. & Vastano, J. A.
[1985] “Determining Lyapunov exponents from a time
series,” Physica D 16, 285-317.

Zhusubaliyev, Z. T. & Mosekilde, E. [2015] “Multista-
bility and hidden attractors in a multilevel DC/DC
converter,” Math. Comput. Simul. 109, 32-45.

1750053-8


https://www.researchgate.net/publication/312899661

	1 Introduction
	2 New System with Only One Stable Equilibrium
	3 Chaotic Behavior of the System with Only One Stable Equilibrium
	4 Discussion
	5 Conclusions

