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Abstract

In this paper, a robust adaptive sliding mode controller is proposed for a class of uncertain nonlinear
multi-input multi-output (MIMO) systems. The upper bounds of the uncertainties are not needed in the
procedure of the controller design, and the controller is continuous, which guarantees that the tracking error
can converge to a small residual set. Furthermore, explicit formulas are given that allow for calculating the
size of the residual set, and the bounds of the tracking errors at steady state can be specified a priori and
guaranteed by choosing certain design parameters. Finally, a simulation study based on a two-link rigid
robotic manipulator model is used to illustrate the effectiveness of the proposed controller.
& 2015 The Franklin Institute. Published by Elsevier Ltd. All rights reserved.
1. Introduction

Sliding mode control (SMC) is a robust technique to control nonlinear systems operating
under uncertainty conditions [1,2]. SMC possesses some advantages, for example, fast response,
good transient performance, inherent insensitivity to matched uncertainties and disturbances [3].
In SMC design, an important assumption is that the uncertainties and disturbances are bounded
and that their bounds are available to the designer. These bounds are an important clue to design
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the switching term gains which guarantee that the properly pre-defined sliding manifold is
reachable. However, due to the complexity of the structure of uncertainties, the bounds may not
be easily obtained in practical applications.
To overcome this problem associated with the unknown bounds, many kinds of controllers

which combine the structure of SMC and adaptive control have been proposed. In [4,5], adaptive
model-based SMCs have been designed for robot manipulators, in which any knowledge of
nonlinear is not required by adaptation of scalar gains. In [6–10], stable fuzzy/neural adaptive
SMCs have been developed for uncertain nonlinear systems. However, these methods require
some prior heuristic knowledge about the controlled systems, and the number of fuzzy rules
increases as the order and the complexity of the controlled systems increases. In [11], the authors
were the first to use dynamic gain adaptation in SMC for the problem of unknown uncertainty
bounds. They proposed an adaptation law which depends directly upon the sliding variable, and
the control gains increase until sliding mode is achieved. Once the sliding variable has been
converged to zero, the gains become constant. However, assuming that the upper bound of
uncertainty is constant might limit the applicability of the control scheme. In [12], an adaptive
scheme of designing SMC for affine class of multi-input multi-output (MIMO) uncertain
nonlinear system has been proposed. In [13], an adaptive tuning method has been utilized to deal
with the system uncertainties, which is evaluated through the control of a two-link rigid robot
manipulator.
As is well known, a drawback of SMC is the discontinuity about the sliding manifold. For

practical implementations the controller must be smoothed to avoid chattering. The common
method to smooth the control signals is to introduce a boundary layer around the sliding
manifold [14]. In this case, the above adaptive SMC (e.g. [4,5,7,11]) may be questionable
because if the boundary layer is used, the switching gain can grow unboundedly in it since the
restriction to the sliding manifold cannot always be achieved. In [15], an improved adaptation
law on the bound of uncertainties is proposed to guarantee the boundedness of the switching
gain. This adaptation law is used in [16] to control rigid spacecrafts. The main drawback of this
adaptation law in [15] is that the sliding variable converges to a residual set which size cannot to
be known a priori which affects the accuracy and robustness.
In this paper, we propose a robust adaptive SMC scheme for a class of uncertain nonlinear

MIMO systems. The main contributions of this paper are as follows:

(1) An adaptive tuning law is used for the controller to estimate the unknown but bounded
system uncertainties. As such the upper bounds of the system uncertainties are not required
to be known in advance.

(2) The adaptive tuning law ensures that the switching gain is bounded, and the controller
eliminates chattering in the control input and hence it is suitable for practical applications.

(3) For any given desired upper bounds for the tracking error at steady state, our approach
provides a procedure for choosing the design parameters to meet the tracking error bounds.

This paper is organized as follows: In Section 2, the problem statements and preliminaries are
presented. In Section 3, we present a smooth robust adaptive SMC scheme. In Section 4, we
present a way to design parameters to guarantee desired upper bounds for the tracking error at
steady state. In Section 5, the theoretical results are applied to the control of a two-link robot
manipulator. Finally, Section 6 includes the conclusions.
Note that in this paper, JxJ indicates the Euclidean norm of a vector x, and JBJ is the

induced two-norm of a matrix B.
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2. Problem formulation

Consider the following general MIMO nonlinear uncertain system:

_x ¼ f ðxÞ þ
Xm
i ¼ 1

giðxÞui

y1 ¼ h1ðxÞ
⋮
ym ¼ hmðxÞ ð1Þ

where xARn and u¼ ½u1;…; um�TARm are the state variable and the control input, respectively.
f ðxÞ and gðxÞ ¼ ½g1ðxÞ;…; gmðxÞ�T are smooth functions. y¼ ½h1;…; hm�TARm is a smooth
measurable output vector. The uncertainties on f ðxÞ and gðxÞ are due to parameter variations,
unmodeled dynamics or external disturbances.

The control objective is to design the control input u such that the outputs of the system
y1;…; ym track the desired trajectories y1;d;…; ym;d , respectively, as close as possible.

Assumption 1. The relative degree vector r¼ ½r1;…; rm� of system (1) with respect to y is
assumed to be constant and known. It means that the m� m matrix:

BðxÞ ¼
Lg1L

r1 �1
f h1ðxÞ ⋯ LgmL

r1�1
f h1ðxÞ

⋮ ⋮
Lg1L

rm �1
f hmðxÞ ⋯ LgmL

rm�1
f hmðxÞ

2
664

3
775 ð2Þ

is nonsingular and LgjL
k
f hiðxÞ ¼ 0, for 1r irm, 1r jrm and 0rkori�1. Lgj and Lf are Lie

derivatives. Moreover, it is supposed that the associated zero dynamics are asymptotically stable.

By using feedback linearization, the nonlinear system (1) can be transformed into the
following form [17]:

½yðr1Þ1 ;…; yðrmÞm �T ¼ AðxÞ þ BðxÞu ð3Þ
with AðxÞ ¼ ½A1;A2;…;Am�T ¼ ½Lr1f h1ðxÞ;…;Lrmf hmðxÞ�T .
Assumption 2. Vector AðxÞ and matrix BðxÞ

AðxÞ ¼ AðxÞ þ ΔAðxÞ
BðxÞ ¼ BðxÞ þ ΔBðxÞ

(
ð4Þ

are partitioned into nominal part (i.e. AðxÞ and BðxÞ), known a priori, and uncertain bounded
functions ΔAðxÞ and ΔBðxÞ. Matrix BðxÞ is nonsingular, and there are three constants εA1, εA2 and
εB, such that the uncertain functions satisfy

ΔAk krεA1 þ εA2 xk k; ΔBB
�1

��� ���rεBo1 ð5Þ

In the following, Theorem 1 is provided since it will be used in the sequel.

Theorem 1 (See Bhat and Bernstein [18]). Consider the non-Lipschitz continuous autonomous
system _x ¼ f ðxÞ with f ð0Þ ¼ 0, xARn. Suppose these are C1 function VðxÞ defined on a
neighborhood U � Rn of the origin, and real numbers c40 and 0oαo1, such that
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(1) VðxÞ is positive defined on U;
(2) _V ðxÞ þ cVαðxÞr0; 8xAU.

Then, the origin of system _x ¼ f ðxÞ is locally finite time stable. The settling time depending on
the initial state xð0Þ satisfies

Tx x 0ð Þð Þr Vðxð0ÞÞ1�α

cð1�αÞ ð6Þ

for all xð0Þ in some open neighborhood of the origin. If U ¼ Rn and VðxÞ is also radially
unbounded (i.e. VðxÞ-þ1 as JxJ-þ1), the origin of the system is globally finite time
stable.

3. Smooth robust adaptive sliding mode control

3.1. Robust sliding mode controller design

Let the desired output trajectory be given

yd ¼ y1;d y2;d ⋯ ym;d
� �T ð7Þ

The tracking error of the system is therefore expressed as

e¼ e1 e2 ⋯ em½ �T ð8Þ
where ei ¼ yi�yi;d, i¼ 1;…;m.
Define a set of sliding surfaces in the error space passing through the origin to represent a

sliding manifold as a Slotine form [14]:

S¼ s1 s2 ⋯ sm½ �T ¼

d

dt
þ λ1

� �r1�1

e1

d

dt
þ λ2

� �r2�1

e2

⋮
d

dt
þ λm

� �rm �1

em

2
666666666664

3
777777777775
¼ 0 ð9Þ

where λi40; i¼ 1;…;m, can be selected to achieve given eigenvalues in the differential
equation si¼0.
By using Eq. (3), the derivative of the sliding manifold (9) can be expressed as

_S ¼Ψðx; eÞ þ BðxÞu ð10Þ
where Ψðx; eÞ ¼ ½ψ1ðx; eÞ;ψ2ðx; eÞ;…;ψmðx; eÞ�T , ψ ið�Þ ¼ Ai þ

Pri�1
p ¼ 1 C

p
ri�1λ

p
i e

ri�p
i �yðriÞi;d ,

eðri�pÞ
i ¼ dri � pei

dtri � p , i¼ 1;⋯;m, Cp
ri�1 states for binomial coefficients, i.e.

Cp
ri�1 ¼

ri�1

p

 !
¼ ðri�1Þ!

ðri�1�pÞ!p! ð11Þ

where ! denotes the factorial.
Please cite this article as: P. Li, et al., Robust adaptive sliding mode control for uncertain nonlinear MIMO system
with guaranteed steady state tracking error bounds, Journal of the Franklin Institute. (2015), http://dx.doi.org/

10.1016/j.jfranklin.2015.11.005

http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005


P. Li et al. / Journal of the Franklin Institute ] (]]]]) ]]]–]]] 5
Theorem 2. For nonlinear system (1) with sliding manifold (9), if the control u is proposed as
follows:

u¼ ueq þ udisc_1 þ udisc_2 ð12Þ
where each part is obtained respectively as

ueq ¼ �B
�1

A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
" #

ð13Þ

udisc_1 ¼ � c1 þ c2 xk k þ c3 A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ �yðrÞd

�����
�����

 !
B

�1 S
Sk k Sa00 S¼ 0

(

ð14Þ

udisc_2 ¼
�ηB

�1 S
‖S‖

Sa0

0 S¼ 0

8<
: ð15Þ

where we adopt the notions that

Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ9

Xr1 �1

p ¼ 1

Cp
r1�1λ

p
1e

ðr1 �pÞ

⋮Xrm �1

p ¼ 1

Cp
rm �1λ

p
me

ðrm �pÞ

2
66666664

3
77777775

ð16Þ

yðrÞd 9 ½yr11;d;…; yrmm;d�T ð17Þ
and the designed parameters are chosen as

c1 ¼ εA1
1�εB

; c2 ¼ εA2
1�εB

; c3 ¼ εB
1�εB

; η40 ð18Þ

then, the closed-loop system is globally asymptotically stable for tracking the desired signals
y1;d ;…; ym;d.

Proof. Consider the following Lyapunov function candidate:

V ¼ STS
2

ð19Þ

The time derivative of V for Sa0 is

_V ¼ ST Ψðx; eÞ þ BðxÞuð Þ ¼ ST AðxÞ þ BðxÞu�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
 !

¼ ST A þ ΔA þ ðB þ ΔBÞu�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
 !

ð20Þ
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Substituting Eqs. (12)–(15) into Eq. (20), it yields

_V ¼ ST ΔA�ΔBB
�1

A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
 ! 

� c1 þ c2 xk k þ c3 A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ�yðrÞd

�����
�����þ η

 !
I þ ΔBB

�1
� � S

Sk k

!

ð21Þ
By utilizing Eqs. (5) and (18), we can obtain

_Vr Sk k ΔAk k þ Sk k A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ �yðrÞd

�����
����� ΔBB

�1
��� ���

� c1 þ c2 xk k þ c3 A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ�yðrÞd

�����
�����þ η

 !
Sk k

þ c1 þ c2 xk k þ c3 A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ �yðrÞd

�����
�����þ η

 !
ΔBB

�1
��� ��� Sk k

r εA1 þ εA2 xk kð Þ Sk k þ εB A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ�yðrÞd

�����
����� Sk k

� c1 þ c2 xk k þ c3 A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ�yðrÞd

�����
�����þ η

 !
Sk k

þεB c1 þ c2 xk k þ c3 A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ�yðrÞd

�����
�����þ η

 !
Sk k

¼ � Sk k c1 1�εBð Þ�εA1 þ c2 1�εBð Þ�εA2ð Þ xk kð Þ� 1�εBð Þη Sk k� Sk k A
��

þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ�yðrÞd

����� c3ð1�εBÞ�εBð Þ

r� 1�εBð Þη Sk k
¼ � 1�εBð ÞηV 1

2 ð22Þ
Clearly, _V ¼ 0 when S¼ 0. According to Theorem 1, the system states can reach the sliding
manifold S¼ 0 in finite time and remain there in spite of the uncertainties. According to Eq. (9),
it is concluded that the output of system (1) can track the desired signals y1;d;…; ym;d
asymptotically. This completes this proof.□
3.2. Smooth robust sliding mode control with adaptive law

Under control law (12)–(15), the output of system (1) will track the desired signals
asymptotically. However, the control law has two drawbacks.

(1) The bounds of uncertainties and disturbances, in practical systems, may not be easily
obtained due to the complexity of the structure of the uncertainties and disturbances. In order
Please cite this article as: P. Li, et al., Robust adaptive sliding mode control for uncertain nonlinear MIMO system
with guaranteed steady state tracking error bounds, Journal of the Franklin Institute. (2015), http://dx.doi.org/

10.1016/j.jfranklin.2015.11.005

http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005


P. Li et al. / Journal of the Franklin Institute ] (]]]]) ]]]–]]] 7
to suppress the uncertainties and disturbances, the control gains c1, c2 and c3 need to be
selected large enough when the bounds are not exactly known.

(2) The control law (12)–(15) is discontinuous about the sliding manifold S¼ 0. This
characteristic induces an undesirable chattering problem. For practical implementations the
controller must be smoothed. For improving the control law (12)–(15), in the sequel, we will
propose a smooth robust and adaptive SMC.

In order to avoid chattering and adaptively estimate the bounds of uncertainties, an adaptive
SMC scheme is proposed as follows:

u¼ ueq þ uadp þ ucon ð23Þ
where each part is obtained respectively as

ueq ¼ �B
�1

A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ �yðrÞd

" #
ð24Þ

uadp ¼
�B

�1 ĉ1 þ ĉ2 xk k þ ĉ3 A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ�yðrÞd

�����
�����

 !
S
Sk k if SΦ40

�B
�1

ĉ1 þ ĉ2 xk k þ ĉ3 A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ �yðrÞd

�����
�����

 !
S
Φ

if SΦ ¼ 0

8>>>>><
>>>>>:

ð25Þ

ucon ¼
�ηB

�1 S
Sk k if SΦ40

�ηB
�1S

Φ
if SΦ ¼ 0

8>><
>>: ð26Þ

where ĉ1, ĉ2, and ĉ3 are the estimated values of c1, c2 and c3, η40 is a designed positive constant
and SΦ is a function defined as

SΦ9 Sk k�Φsat
Sk k
Φ

� �
ð27Þ

where

sat
Sk k
Φ

� �
¼

1 if Sk k4Φ
Sk k
Φ

if Sk krΦ

8<
: ð28Þ

where Φ is the width of the boundary layer. The properties of SΦ are described by the following
lemma.

Lemma 1. The function SΦ defined in Eq. (27) has the following properties:

SΦ ¼ 0; _SΦ ¼ 0 if Sk krΦ ð29Þ

SΦ40; _SΦ ¼ ST _S
Sk k if Sk k4Φ ð30Þ
Please cite this article as: P. Li, et al., Robust adaptive sliding mode control for uncertain nonlinear MIMO system
with guaranteed steady state tracking error bounds, Journal of the Franklin Institute. (2015), http://dx.doi.org/

10.1016/j.jfranklin.2015.11.005

http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005
http://dx.doi.org/10.1016/j.jfranklin.2015.11.005


P. Li et al. / Journal of the Franklin Institute ] (]]]]) ]]]–]]]8
Proof. From Eqs. (27)–(28), we have SΦ ¼ 0 when JSJrΦ, which also implies that _SΦ ¼ 0 for
JSJrΦ. If JSJ4Φ, SΦ ¼ JSJ�Φ, then _SΦ ¼ d JS Jð Þ

dt ¼ ST _S
JS J .□

The adaptive gains ĉ1, ĉ2 and ĉ3 in Eq. (25) are designed as

_̂c1 ¼
1
α1

SΦ40

0 SΦ ¼ 0

8<
: ð31Þ

_̂c2 ¼
1
α2

xk k SΦ40

0 SΦ ¼ 0

8<
: ð32Þ

_̂c3 ¼
1
α3

A þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ�yðrÞd

�����
����� SΦ40

0 SΦ ¼ 0

8>><
>>: ð33Þ

where α1, α2 and α3 are denoted as adaptation gains. The following theorem proves that the
stability of the proposed controlled system is guaranteed if the sliding surface function (9) and
the controller (23)–(26) are employed.

Theorem 3. Consider system (1). If the sliding manifold, the control law, and the adaptive law
are designed as Eqs. (9), (23)–(26) and (31)–(33) respectively, then the sliding variable S will
reach the boundary layer JSJrΦ in finite time and remain there. Both the tracking error e
and the state variable x will be bounded before the controlled system enters the boundary
layer.

Proof. Define parameter errors as

~c19 ĉ1�
εA1

1�εB
; ~c29 ĉ2�

εA2
1�εB

; ~c39 ĉ3�
εB

1�εB
ð34Þ

where εA1, εA2 and εB are defined in inequalities (5).
Consider a Lyapunov function candidate as

V ¼ SΦ þ 1�εB
2

α1 ~c
2
1 þ

1�εB
2

α2 ~c
2
2 þ

1�εB
2

α3 ~c
2
3 ð35Þ

Noting that _~c i ¼ _̂c iði¼ 1; 2; 3Þ, and using control (23)–(26), (34), the time derivative of V is

(1) When JSJ4Φ:

_V ¼ ST _S
Sk k þ α1 1�εBð Þ~c1 _̂c1 þ α2 1�εBð Þ~c2 _̂c2 þ α3 1�εBð Þ~c3 _̂c3

¼ ST

Sk k ΔA�ΔBB
�1

A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
 ! 
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� ĉ1 þ ĉ2 xk k þ c3 A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����þ η

 !
I þ ΔBB

�1
� � S

Sk k

!

þ 1�εBð Þĉ1�εA1 þ 1�εBð Þ xk kĉ2�εA2 xk k

þ 1�εBð Þ A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����ĉ3�εB A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����
ð36Þ

Substituting Eq. (5) into the above equation (36), it yields

_Vr ΔAk k þ ΔBB
�1

��� ��� A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����
� ĉ1 þ ĉ2 xk k þ c3 A�yðrÞd þ

Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����þ η

 !

þ ĉ1 þ ĉ2 xk k þ c3 A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����þ η

 !
ΔBB

�1
��� ���

þð1�εBÞĉ1�εA1 þ ð1�εBÞĉ2 xk k�εA2 xk k þ ð1�εBÞĉ3

A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

������εB A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����
rεA1 þ εA2 xk k þ εB A�yðrÞd þ

Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����
� ĉ1 þ ĉ2 xk k þ c3 A�yðrÞd þ

Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����þ η

 !

þεB ĉ1 þ ĉ2 xk k þ c3 A�yðrÞd þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����þ η

 !

þð1�εBÞĉ1�εA1 þ ð1�εBÞĉ2 xk k�εA2 xk k þ ð1�εBÞĉ3 A�yðrÞd

���
þ
Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
������εB A�yðrÞd þ

Xr�1

p ¼ 1

Cp
r�1λ

peðr�pÞ
�����

�����
¼ � 1�εBð Þη ð37Þ

(2) When JSJrΦ

_V ¼ _SΦ þ α1ð1�εBÞ~c1 _̂c1 þ α2ð1�εBÞ~c2 _̂c2 þ α3ð1�εBÞ~c3 _̂c3 ¼ 0 ð38Þ

The inequality (37) indicates that S will approach the boundary layer JSJrΦ in finite time

tf r t0 þ Vðt0Þ�Vðtf Þ
ð1� εBÞη . Since the value of V is bounded, one can see that ~ci (and hence ĉi) are all
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bounded. According to Eq. (32), the solution of ĉ2 is

ĉ2 tð Þ ¼ 1
α2

Z tf

t0

xðτÞ
�� �� dτ þ ĉ2 t0ð Þ; Sk k4Φ ð39Þ

Since ĉ2 are bounded, and the integrand is nonnegative, the state variable x of Eq. (1) must be
bounded for t0r totf . Using Eq. (33) and arguing in the same way as above, it is concluded that
the tracking error e is also all bounded. This completes the proof.□

Remark 1. Output tracking problem is studied in this paper, and the full state is assumed to be
known. The same assumption was used in some papers, such as [19,20]. As a more recent trend,
output tracking for uncertain MIMO systems by using output feedback SMC has been addressed
by several authors: for uncertain linear systems, we can see [21–24] and references therein; for
uncertain nonlinear systems, in [25,26], a norm observer and unknown input observer have been
designed to recover the state of the system, respectively. The extension of the proposed output
tracking methodology in our paper to output feedback control can be done by using the norm
observer and unknown input observer framework presented in [25,26] and it will be considered
in the future.

Remark 2. The scalar form of the adaptation laws (31)–(33) has been used in [27,28]. This
adaptation laws have the drawback of being conservative in the case where the real parameters to
be adapted are time-varying and vanishing. This is not the case in our paper since the parameters
εA1, εA2 and εB are constants.
4. The steady state tracking error bounds are guaranteed

Theorem 3 implies that the system states can converge to the boundary layer fSjJSJrΦg in
finite time and remain there. In the boundary layer, we also have jsijrΦ, i¼ 1;…;m as t4tf . In
the following theorem, we will obtain the bounds of the steady state tracking error.

Theorem 4. For system (1) and sliding manifold (9), if control law is proposed as Eqs. (23)–
(26), then the steady state tracking error eican converge to a residual set which can be expressed
as

eðjÞi
			 			r

Φ

λri�1
i

; j¼ 0

2jΦ

λri� j�1
i

� ri� j�1ð Þri� j�1

ri� j�1ð Þ!eri� j�1
; j¼ 1; 2;…; ri�1:

8>>>><
>>>>:

ð40Þ

where i¼ 1;…;m and Φ is the boundary layer width. λi are the parameters in the definition of
the sliding manifold (9), and e� 2:718282 is the natural constant.
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Proof. According to Theorem 3, it is concluded that jsijrΦ, i¼ 1;…;m as t4tf . Taking the
Laplace transform of Eq. (9) and rearranging terms, it yields

ei pð Þ ¼ 1

pþ λið Þri�1 si ð41Þ

where p denotes the Laplace operator. Let H0 pð Þ ¼ 1
ðpþλiÞri � 1. Obviously, H0ðpÞ is

bounded-input–bounded-output (BIBO) stable. The unit-impulse response of H0ðpÞ is
h0 tð Þ ¼ tri � 2e� λi t

ðri�2Þ! , and h0ðtÞZ0 when tZ0. In order to calculate the steady state tracking error
bounds, we can omit the influence of the initial states. For bounded input si, the zero-state
response of H0ðpÞ can be expressed as

ei ¼
Z þ1

0
h0ðτÞsiðt�τÞ dτ ð42Þ

Then, the absolute value of ei satisfies

eij jr
Z þ1

0
h0ðτÞ
		 		 siðt�τÞ

		 		 dτrΦ

Z þ1

0
h0ðτÞ
		 		 dτ¼Φ

Z þ1

0

τri�2e� λiτ

ðri�2Þ! dτ ð43Þ

By using the integral formula as follows:Z
zneax dz¼ 1

a
zneax� n

a

Z
zn�1eax dz ð44Þ

one can conclude thatZ þ1

0

τri �2e� λiτ

ri�2ð Þ! dτ¼ 1
ri�2ð Þ! � 1

λi
τri�2e� λiτ� ri�2

λ2i
τri�3e� λiτ

"(

�⋯� ri�2ð Þ ri�3ð Þ �⋯ � 3 � 2
λri�2
i

τe� λiτ

#þ1

0

þ ri�2ð Þ!
λri�2
i

Z þ1

0
e� λiτ dτ

)
¼ 1

λri�2
i

Z þ1

0
e� λiτ dτ¼ 1

λri�1
i

ð45Þ

Then, the bounds of the zero-order steady state error ei are eij jr Φ
λ
ri � 1
i

. We will deduce the

bounds of the first-order steady state error _ei. From (9), we can obtain

_ei pð Þ ¼ p

ðpþ λiÞri�1 si pð Þ ð46Þ

Let H1 pð Þ ¼ p
ðpþλiÞri � 1. Obviously, H1ðpÞ is BIBO stable.

(1) when ri¼2:

_ei pð Þ ¼ p

pþ λi
si pð Þ ¼ 1� λi

pþ λi

� �
si pð Þ ð47Þ

The above equation means that

_eij jr2Φ ð48Þ
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(2) when riZ3: The unit-impulse response of H1ðpÞ can be expressed as

h1 tð Þ ¼ 1� λit

ri�2

� �
tri�3

ðri�3Þ! e
� λi t ð49Þ

From the above equation, we can conclude that h1ðtÞZ0 when 0otr n�2
λ and h1ðtÞo0 when

t4 n�2
λ . For a bounded input si, the zero-state response of H1ðpÞ can be expressed as

_ei ¼
Z þ1

0
h1ðτÞsiðt�τÞ dτ ð50Þ

Then, the absolute value of _ei satisfies

_eij jr
Z þ1

0
h1 τð Þ
		 		 si t�τð Þ

		 		 dτ
rΦ

Z þ1

0
h1 τð Þ
		 		 dτ

rΦ

Z ðri�2Þ=λi

0
1� λiτ

ri�2

� �
τri�3e� λiτ

ri�3ð Þ!


 �
dτ

(

þ
Z þ1

ðri �2Þ=λi

λiðτ�1Þ
ri�2

� �
τri�3e� λτ

ri�3ð Þ!


 �
dτ

)

¼ 2Φ
Z ðri�2Þ=λi

0
1� λiτ

ri�2

� �
τri�3e� λiτ

ri�3ð Þ!


 �
dτ

¼ 2Φ

λri�2
i

� ri�2ð Þri�2

ri�2ð Þ!eri�2
ð51Þ

Because 0!¼ 1 and 00 ¼ 1, the bounds of first order steady state error _ei can be expressed by
Eq. (51) when ri ¼ 2. The same procedures can be followed to obtain the bounds on the i-th
Fig. 1. Two-link robot manipulator model.
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steady state tracking error and one may find that

eðjÞi
			 			r 2jΦ

λri� j�1
i

� ri� j�1ð Þri� j�1

ri� j�1ð Þ!eri � j�1
; j¼ 1; 2;…; ri�1: ð52Þ

This completes the proof.□

Remark 3. In [14], a formula for calculating the bounds of steady state error was proposed as

eðjÞi
			 			r 2jΦ

λri� j�1
i

ð53Þ

By using Maclaurin's series formula, we have

eri� j�1 ¼ 1þ ri� j�1ð Þ þ ðri� j�1Þ2
2!

þ⋯þ ðri� j�1Þri � i�1

ðri� j�1Þ! þ ðri� j�1Þri � i

ðri� jÞ! ð54Þ

From the above equation, the following inequality holds:

eri� j�1Z
ðri� j�1Þri� j�1

ðri� j�1Þ! ð55Þ

where equals sign holds when j¼ ri�1. Using inequality (55), we have

ðri� j�1Þri� j�1

ðri� j�1Þ!eri� j�1
r1 ð56Þ

Comparing the bounds of the steady state error (40) and (53), and using the inequality (56), it is
concluded that the bounds of the steady state error proposed in this paper are more accurate than
this result in [14].

Remark 4. In Mohamed and Thomasset [29], the authors deduced the bounds of the zero-order
steady state tracking error eij jr Φ

λ2i
when ri¼3. This result is consistent with Theorem 4.

Remark 5. The relationship between bounds of the steady state error and the design parameters
(i.e. the width of the boundary layer and the sliding manifolds parameters) is given by Theorem 4.
The bounds of the tracking error at steady state can be specified a priori and guaranteed by
choosing certain design parameters according to Eq. (40).
5. Simulations

The proposed robust adaptive sliding mode controller is applied for trajectory tracking of a
two-link rigid robotic manipulator shown in Fig. 1 [30]. The simulations are carried out in the
MATLAB-Simulink platform by using ODE1 solver with a fixed step size of 0.001 s.
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The dynamic equation of the manipulator model is as follows:

a11ðq2Þ a12ðq2Þ
a12ðq2Þ a22

" #
€q1
€q2

" #
þ

�b12ðq2Þ _q21�2b12ðq2Þ _q1 _q2
b12ðq2Þ _q22

" #

þ
c1ðq1; q2Þg
c2ðq1; q2Þg

" #
¼

τ1

τ2

" #
þ

τd1
τd2

" #
ð57Þ

where

a11ðq2Þ ¼ ðm1 þ m2Þr21 þ m2r
2
2 þ 2m2r1r2 cos ðq2Þ þ J1

a12ðq2Þ ¼m2r
2
2 þ m2r1r2 cos ðq2Þ

a22ðq2Þ ¼m2r
2
2 þ J2

b12ðq2Þ ¼m2r1r2 sin ðq2Þ
c1ðq1; q2Þ ¼ ðm1 þ m2Þr1 cos ðq2Þ þ m2r2 cos ðq1 þ q2Þ
c2ðq1; q2Þ ¼m2r2 cos ðq1 þ q2Þ

The parameter values are r1 ¼ 1 m; r2 ¼ 0:8 m; J1 ¼ 5 kg m; J2 ¼ 5 kg m;m1 ¼ 0:5 kg;m2

¼ 1:5 kg. The initial values of the system are selected as q1ð0Þ ¼ 1:0, q2ð0Þ ¼ 1:5, _q1ð0Þ ¼ 0
and _q2ð0Þ ¼ 0. The nominal values of m1 and m2 are assumed to be m̂1 ¼ 0:4 kg, m̂2 ¼ 1:2 kg.
The external disturbance is assumed to be time-varying as τd1 ¼ 2 sin ðtÞ þ 0:5 sin ð200πtÞ,
τd2 ¼ cos ð2tÞ þ 0:5 sin ð200πtÞ, where the second terms exhibit the effect of high frequency
measurement noises.
The state, input and output vectors are defined as

x¼ x1 x2 x3 x4½ �T ¼ q1 _q1 q2 _q2
� �T

u¼ u1 u2½ �T ¼ τ1 τ2½ �T
y¼ y1 y2

� �T ¼ q1 q2
� �T

Using the definitions in (1), the dynamics of two-link manipulator is rewritten as

_x ¼ f ðxÞ þ
X2
i ¼ 1

giui

y1 ¼ h1ðxÞ ¼ x1
y2 ¼ h2ðxÞ ¼ x3 ð58Þ

where

f ðxÞ ¼ f 1ðxÞ f 2ðxÞ f 3ðxÞ f 4ðxÞ
� �T ð59Þ

The various elements of f ðxÞ, i.e. f 1ðxÞ, f 2ðxÞ, and f 3ðxÞ are given by

f 1 xð Þ ¼ x1

f 2 xð Þ ¼ a22b12ðq2Þ _q21 þ 2a22b12 _q1 _q2 þ a12b12ðq2Þ _q22�a22c1ðq1; q2Þgþ a12c2ðq1; q2Þg
a11a22�a212

f 3 xð Þ ¼ x2
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f 4 xð Þ ¼ �a12b12ðq2Þ _q21�2a12b12ðq2Þ _q1 _q2�a11b12ðq2Þ _q22 þ a12c1ðq1; q2Þg�a11c2ðq1; q2Þg
a11a22�a212

ð60Þ
and

giðxÞ ¼

g1i
g2i
g3i
g4i

2
66664

3
77775; i¼ 1; 2 ð61Þ

where

g11 ¼ g31 ¼ g12 ¼ g32 ¼ 0 ð62Þ

g21 ¼
a22

a11a22�a212
; g22 ¼

�a12
a11a22�a212

; g41 ¼
�a12

a11a22�a212
; g42 ¼

a11
a11a22�a212

ð63Þ

Applying suitable nonlinear transformation as described in Section 2, the system (58) can be
expressed as

€y ¼AðxÞ þ BðxÞu ð64Þ

Using Eqs. (60) and (61), AðxÞ and BðxÞ will be obtained as follows:

AðxÞ ¼ f 2ðxÞ f 4ðxÞ
� �T ð65Þ

BðxÞ ¼
g21 g22
g41 g42

" #
ð66Þ

and AðxÞ and BðxÞ are the nominal parts of AðxÞ and BðxÞ, respectively.
Fig. 2. Response of the sliding variable.
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For the system in Eq. (64) with two inputs and two outputs, define a sliding manifold as
follows:

S¼
s1
s2

" #
¼

_e1 þ λ1e1
_e2 þ λ2e2

" #
ð67Þ

where e1 ¼ y1�y1;d ¼ q1�q1;d, e2 ¼ y2�y2;d ¼ q2�q2;d, and λ1, λ2 are two designed
parameters. According to Theorem 3, the controller is designed as

u¼ ueq þ uadp þ ucon ð68Þ
where

ueq ¼ �B
�1

A þ λ_e�yð2Þd

h i
ð69Þ

uadp ¼
�B

�1 ĉ1 þ ĉ2 xk k þ ĉ3 A þ λ_e�yð2Þd

��� ���� � S
Sk k if SΦ40

�B
�1

ĉ1 þ ĉ2 xk k þ ĉ3 A þ λ_e�yð2Þd

��� ���� �S
Φ

if SΦ ¼ 0

8>><
>>: ð70Þ
Fig. 3. The curves of the zero order tracking error.

Fig. 4. The curves of the first order tracking error.
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ucon ¼
�ηB

�1 S
Sk k if SΦ40

�ηB
�1S

Φ
if SΦ ¼ 0

8>><
>>: ð71Þ

_̂c1 ¼
1
α1

SΦ40

0 SΦ ¼ 0;

_̂c2 ¼
1
α2

xk k SΦ40

0 SΦ ¼ 0;

_̂c3 ¼
1
α3

A þ λ_e�yð2Þd

��� ��� SΦ40

0 SΦ ¼ 0

8<
:

8<
:

8<
:

ð72Þ
where λ¼ diagðλ1; λ2Þ and e¼ ½e1; e2�T .

In this study, the desired reference signals defined by

q1;d ¼ 1:25�ð7=5Þe� t þ ð7=20Þe�4t

q2;d ¼ 1:25þ e� t�ð1=4Þe�4t ð73Þ
with the zero-order steady and the first-order steady state tracking error are to be

eij j ¼ qi�qi;d
		 		r0:05
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_eij j ¼ _qi� _qi;d
		 		r0:08; i¼ 1; 2 ð74Þ

According to Eq. (40), it is obtained that

eij j ¼ Φ

λi
r0:05; _eij j ¼ 2Φ

e
r0:08; i¼ 1; 2 ð75Þ

Let Φ¼ 0:1 and λi ¼ 2 (there are many other options as well), the steady state tracking
performance (74) can be guaranteed.
In the simulation, the adaptation rates α1 ¼ 50, α2 ¼ 20 and α3 ¼ 20, and the constant switch

gain η¼ 0:02. Simulation results are shown in Figs. 2–6. Fig. 2 shows that the sliding variable
converges to the boundary layer in finite time and remains there. Figs. 3 and 4 show that the zero
and the first order steady state tracking error satisfy jeijr0:05 and j_eijr0:08, respectively.
Fig. 5 shows the adaptive gain ĉ1, ĉ2, and ĉ3 which are bounded. Fig. 6 shows the control torque
signals which are smooth without chattering.

6. Conclusions

In this paper, we propose a robust adaptive sliding mode control (SMC) scheme for a class of
nonlinear multi-input multi-output (MIMO) systems with uncertainty in the systems dynamics
and control distribution gain. The proposed adaptive SMC does not require any prior knowledge
of the uncertainty bounds and the switching gain is bounded. The controller guarantees closed-
loop stability and convergence of the tracking error to a small residual set. The size of the
residual set for the tracking error depends on design parameters, which can be chosen to meet
desired bounds for the tracking error. The extension of the proposed methodology to the output
feedback case and the use of norm observer/unknown input observer [25,26] are to be considered
in the future.
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