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Abstract

This paper presents two distribution independent

weighting schemes for k-Nearest-Neighbors (kNN). Ap-

plying the first scheme in a Leave-One-Out (LOO) set-

ting corresponds to performing complete b-fold cross

validation (b-CCV), while applying the second scheme

corresponds to performing bootstrapping in the limit of

infinite iterations. We demonstrate that the soft kNN

errors obtained through b-CCV can be obtained by ap-

plying the weighted kNN in a LOO setting, and that the

proposed weighting schemes can decrease the variance

and improve the generalization of kNN in a CV setting.

1 Introduction

The kNN [6] rule is a very simple approach to pat-

tern classification. It is completely defined by a distance

metric in the feature space. Hence, kNN is easy to gen-

eralize to more general metric spaces, e.g. curved man-

ifolds and other non-euclidean spaces. The kNN rule

has many appealing properties, e.g. it generalizes well

[10] and the error is at most twice as that of the optimal

Bayes classifier in the limit of large samples [3].

However, for finite samples kNN tends to perform

poorly on high-dimensional data and can be outper-

formed by more advanced approaches. It is known to

have problems with both variance and bias in terms of

bias-variance decomposition. Hence, the kNN classi-

fier suffers from hypothesis instability and derived from

here a non-optimal generalization.

This stability problem can be traced to the heavy de-

pendence on the training data and the discrete nature

of the kNN rule. Many known approaches can be uti-

lized to stabilize kNN. One approach includes sampling

based methods, such as b-CV and bootstrapping [7].

These methods stabilize a given classifier by averaging

the performance over several random partitions of the

data, and can be computed efficiently for nearest neigh-

bor classifiers [9].

Another approach includes weighting the nearest

neighbors and thereby making the data dependency

more smooth. It has been shown that weighted kNN

can perform better for high-dimensional data sets with

few samples [8, 11]. Recent research into weighted

kNN includes weighting schemes based on distances

between the query point and the nearest neighbors [4]

by using kernel functions [13, 2] and distribution inde-

pendent weights [12]. In this paper, we show that the

two approaches can be unified and derive a weights cor-

responding to complete cross validation and bootstrap-

ping in the limit of infinite number of iterations.

We interpret the act of choosing the k-nearest-

neighbors of a query point xq as a weighting of all the

sorted neighbors by a hard-weighting function:

w(xn, xq) =

{

1 if n ≤ k

0 if n > k
, (1)

where xn is the n-th nearest neighbor of the query point.

We propose two weighting schemes. The first one

weights the nearest neighbors so that the average soft

error,
E

{

#(correct labels)

k

}

, (2)

corresponds to the one obtained through b-CCV. Sim-

ilarly, applying our second weighting scheme corre-

sponds to performing bootstrapping in the limit of in-

finite iterations.

This paper is structured as follows: Sections 2 and

3 introduce the proposed weighting functions, Section

4 uses the UCI Machine Learning Repository [1] to

demonstrate aspects of the presented approach, and

Section 5 presents the conclusions.

2 Cross Validation and kNN

In b-CV, a statistic of the classifier is obtained by par-

titioning the data set, S, into b mutually exclusive sub-

sets, Ωj and j ∈ [1; b], having cardinality M , and by

computing b statistics each time using the j-th subset

as the evaluation set while omitting it from the train-

ing set. The final statistic can be computed by averag-

ing the b statistics. In (b-CCV), the averaging is per-

formed through all the possible partitions, Ωj ∈ Ω,
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where j ∈
[

1;
(

N
N
b

)]

. In practice, b-CCV can be ap-

proximated by averaging over a subset of Ω.

For a fixed query point, it is easily seen that b-CCV

performs a weighting of the nearest neighbors found in

S. In particular, the weighting function can be obtained

by counting the number of partitions, Ωj , where the

i’th nearest neighbor to xq from S is among the first k

neighbors to xq from Ωj . Because this weighting func-

tion is only dependent on the nearest neighbor positions,

the query point can be fixed without loss of generality.

The blue curve in Fig. 1 shows the weights implied

by approximating b-CCV, where the number of parti-

tions was 10.000, b = 3, k = 25. It is seen that the

weighting function extends to more distant neighbors

than the kNN weighting function for k = 25 (black

curve). Hence, b-CV biases the estimate by including

more distant neighbors. Obviously, when performing

kNN classification on a subset, k must be reduced ac-

cordingly.

Furthermore, during b-CV the query points are not

included in the training sets. Hence, it can be argued

that b-CV can be obtained by performing a weighting

of the nearest neighbors in a LOO setting.

The b-CCV weighting function can be formulated by

finding the probability that a point from S will be one

of the k nearest neighbors in Ωi for some arbitrary i ∈
[

1;
(

N
N
b

)]

.

In our approach, we first count the number of possi-

ble subsets, Ωj , where the n-th nearest neighbor from

S will be the i-th nearest neighbor in Ωj . Then, we de-

rive the probability that the n-th nearest neighbor from

S will be in the k-neighborhood in Ωj .

The number of possible subsets where xn will be the

i-th nearest neighbor wrt. a query point xq can be for-

mulated as a product between: the number of ways that

i−1 neighbors can be chosen from S so that the chosen

points are closer to xq than xn is to xq, and the number

of ways that M − i neighbors can be chosen from S so

that the chosen points are further away from xq than xn

is from xq:

#Cin =

(

n − 1
i − 1

) (

N − n

M − i

)

, (3)

where N and M are the cardinality of the S and Ωj ,

respectively.

The probability that xn will be the i-th nearest neigh-

bor with respect to xq in Ωj can be denoted by:

P (xn = NNΩj
(xq, i)) =

#Cin
(

N

M

) , (4)

where NNΩj
(xq, i)) is the i-th nearest neighbor from

Ωj wrt. xq.
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Figure 1: The x and y axes corresponds to the near-

est neighbor position and the value of the correspond-

ing weight, respectively. The black curve are the kNN

weights, the blue curve are the weights implied by b-

CV (b = 3, k = 25), the green curve are the weights

implied by b-CV where k = 17, and the red curve are

the weights implied by CV using (5).

Hence, the probability that xn is in the k-

neighborhood of xq in Ωj can be denoted by:

P (xn ∈ kNNΩj
(xq)) = 1

k

k
∑

i=1

P (xn = NNΩj
(xq, i))

(5)

To construct the weighted kNN(w-kNN) classifier,

one simply sorts all the data points according to their

distance, and maximizes the following wrt. to the class

labels cl:

1

α

N
∑

i=1

δ(L[xi] = cl)P (xi ∈ kNNΩj
(xq)) , (6)

where N is the cardinality of the training set, L[xi] is

the label of xi, α =
∑N

i=1 P (xi ∈ kNNΩj
(xq)), and

δ(c) is one and zero when c is true and false, respec-

tively.

It can be noticed that the sum in (6) runs over all the

neighbors of a query point. In practice, the weights of

the distant nearest neighbors can be ignored if they are

close to zero.

It was shown above that complete b-CV biases the

estimated statistic by including more distant neighbors

and that the k parameter had to be reduced accordingly.

Alternatively, the nearest neighbors can be weighted

during b-CV. We propose to weight the nearest neigh-

bors xi ∈ Ωj of xq, with the probability of xi being in

the k-neighborhood in S.

These probabilities can be derived analogously to

(5). Initially, it should be noted that the number of

possible subsets, Ωj , where xi will be the n-th near-

est neighbor in S, corresponds exactly to expression

(3). Thus, the probability that xi will be in the k-

neighborhood of xq in S can be defined as:

P (x̂n ∈ kNNfull(xq)) = α

k
∑

n=1

#Cin , (7)

where α is a normalization constant ensuring a valid

probability density function (pdf). Compared to (5), the

671671667667667



major difference is that the summation runs over n and

not i.

The weighting function (7) and the traditional kNN

weighting functions with full and with reduced k are

visualized in Fig. 2a. As expected, the weighting func-

tions (7) and (1) with reduced k are relatively similar

and extend to fewer nearest neighbors than (1) with full

k. Furthermore, similarly to Fig. 1, the intersection be-

tween the two curves occurs approximately at y = 1
2 ,

and the area under the curves is comparable.

Similarly, the effects of weighting the neighbors and

reducing k are shown in Fig. 1 as red and green curves,

respectively. As expected, the two curves are relatively

similar.

It is important to note that b-CCV will still imply

the weighting function (5) even if the k parameter is

reduced. Hence, if b-CCV is used to perform model

selection, the nearest neighbors in the final kNN model

should be weighted by (5) to remove any bias.

3 Bootstrapping and kNN

Similarly to CV, the bootstrapping [5] procedure

computes a statistic by repeatedly re-sampling the data.

The simplest variant computes a statistic by using data

sets that were constructed by randomly drawing N sam-

ples with replacement from the original data set consist-

ing of N points. This procedure is repeated b times and

the average statistic is reported as the final estimate. In

the following, the full data set will be denoted by S,

while the re-sampled data sets will be denoted by Ωj

where j ∈ [1; b].
This section introduces a weighting scheme for

kNN that approximates the bootstrap error estimate

in the limit of b approaching infinity. The pro-

posed scheme weights the n-th nearest neighbor by

P (xn ∈ kNNΩj
(xq)), where xq is a query point, and

kNNΩj
(xq) are the k nearest neighbors of xq found in

Ωj .

Let x̂ be an arbitrary point drawn from the same dis-

tribution as the training set. We start our analysis by

deriving the probability that x̂ will be closer to xq than

xn is to xq, if x̂ replaces a random point in the training

data (except for xn and xq). Specifically, we define for

each n:

P (|x̂ − xq| < |xn − xq|) = p =
n

N
, (8)

where N is the cardinality of the training data set.

Then, the probability of replacing exactly i points,

xh and h ∈ [1; i], that are closer to xq than xn is to xq

can be modelled by a binomial distribution:

P (|x̂h − xq| < |xn − xq| ∀h∈[1...i]) =
(

N

i

)

pi(1 − p)N−i (9)
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(a) The red curve are the

weights obtained using (7).

The green curve are the

kNN weights when k is re-

duced during CV.
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(b) The red curve are

the weights obtained using

(10).

Figure 2: The kNN and the proposed weighting func-

tions. The x and y axes corresponds to the nearest

neighbor position and the value of the corresponding

weight, respectively. The black curve are the kNN

weights for k = 25

This expression can be interpreted as the probability

that xn will be the i’th nearest neighbor in Ωj , where

j ∈ [1; b].
Finally, the probability that the point xn is in the k-

neighborhood of xq in Ωj , can be formulated as:

p(xn ∈ kNN(xq)) =

α
∑k

i=0 P (|x̂h − xq| < |xn − xq| ∀h∈[1...i]) ,
(10)

where α is a normalization constant ensuring a valid

pdf.

Figure 2b visualizes both the kNN and the proposed

(10) weighting function. It is important to note the sim-

ilarity between the weighting functions (10) and (5). In

particular, both weighting functions preserve the area

under the kNN weighting function, and the intersection

between each of the two curves and the kNN weighting

function occurs approximately when y = 1
2 .

4 Examples using UCI data sets

The Wine and the Pima Indians Diabetes data sets

from the UCI machine learning repository were used

to perform experimental analysis. The Wine data set

consists of 178 13-dimensional points, and the task is

to predict the origin of wine based on features extracted

through chemical analysis. The Pima Indians data set

contains medical data for 768 subjects, the data is 8-

dimensional, and the task is to diagnose diabetes.

Figure 3 shows the similarity between the weighted

LOO-kNN and the b-CV estimate of kNN as a function

of the k parameter. The blue and the red curves corre-

spond to the b-CCV estimate (b=4,500 subsets) and the

weighted LOO estimate of the soft error, respectively.

The black curve corresponds to the LOO estimate with

unweighted kNN, but where k was reduced accordingly.

It is easy to see the similarity between the weighted

LOO and the b-CCV estimates, specially when com-

pared to the unweighted LOO estimate.
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Figure 3: The performance of 4-fold CV, the wkNN

and kNN in a LOO setting, as a function of the k pa-

rameter. The x and y axes corresponds to choices of

the k parameter and the soft error rate, respectively.

Note the similarity between the red and blue curves.
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Figure 4: The error rate of kNN and wkNN applied on

the Pima and Wine data sets in a CV setting. The x and

y axes corresponds to choices of the k parameter and

the error rate, respectively

Finally, we show that both the variance and the bias

of kNN can decrease when the nearest neighbors are

weighted by (10). Figure 4 shows the error rate of kNN

and wkNN. Figure 5 shows the corresponding variances

of the soft kNN errors. These figures were obtained by

performing 20 random splits of the data (75% training

and 25% testing) and evaluating the classifiers on the

testing sets.

Generally, it is seen that both the error rate and the

variance of the kNN likelihoods are reduced. The re-

duction of variance is expected as the weighting func-

tion (10) extends to more distant neighbors than (1).

However, the reduction of error is dependent on the data

set. Hence, the error rate might increase when another

data set is used.
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Figure 5: The variance of the soft kNN errors obtained

by applying kNN and wkNN on Pima and Wine data

sets in a CV setting. The x and y axes corresponds to

choices of the k parameter and the variance of the soft

error rate, respectively.

5 Conclusions

We presented several weighting schemes for kNN.

The weighting schemes could be used to obtain boot-

strapping and complete b-CV estimates of the soft er-

ror (2) without having to perform all the possible parti-

tions of the data. We demonstrated that a kNNclassifier

performing b-CCV could be obtained by weighting the

nearest neighbors in a LOO setting. As a consequence,

the computational cost incurred by a CV and bootstrap-

ping classifier could be dramatically reduced.

It is important to note that the aforementioned results

only apply for the soft kNN error and that the general-

ization to the error rate is not straight forward. This is

due to the complex non-linear relationship between the

soft kNN error and the “hard” error rate.

Finally, we demonstrated that the bootstrapping

weighting scheme reduces the error rate and the vari-

ance of kNN.
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