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Deterministic Construction of Compressed Sensing
Matrices via Algebraic Curves

Shuxing Li, Fei Gao, Gennian Ge, and Shengyuan Zhang

Abstract—Compressed sensing is a sampling technique which
provides a fundamentally new approach to data acquisition. Com-
paring with traditional methods, compressed sensing makes full
use of sparsity so that a sparse signal can be reconstructed from
very few measurements. A central problem in compressed sensing
is the construction of sensing matrices. While random sensing ma-
trices have been studied intensively, only a few deterministic con-
structions are known. Inspired by algebraic geometry codes, we
introduce a new deterministic construction via algebraic curves
over finite fields, which is a natural generalization of DeVore’s con-
struction using polynomials over finite fields. The diversity of al-
gebraic curves provides numerous choices for sensing matrices.
By choosing appropriate curves, we are able to construct binary
sensing matrices which are superior to Devore’s ones.We hope this
connection between algebraic geometry and compressed sensing
will provide a new point of view and stimulate further research in
both areas.

Index Terms—Algebraic curve, algebraic geometry, coherence,
compressed sensing (CS), deterministic construction, restricted
isometry property (RIP).

I. INTRODUCTION

C OMPRESSED sensing (CS) is an emerging field aiming
to capture attributes of a signal using very few samples.

Consider a discrete-time signal ; we take linear pro-
jections to measure . The sensing matrix consists of
these projections and the measurement vector is the
result. The question arisen is that, given a measurement vector
, how can we reconstruct the original signal from ?
This problem is usually ill-posed when . However, the pi-
oneering works of Donoho [17] and Candès et al. [10] make full
use of sparsity so that a sparse signal can be reconstructed from
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very few measurements. The problem is formulated as finding
the sparsest solution of linear equations

(1)

This -minimization is a combinatorial minimization problem
and is generally NP-hard [23]. However, CS provides a pow-
erful method to reconstruct sparse signals with efficient algo-
rithms and the number of measurements .
A signal is said to be -sparse if has at most nonzero en-

tries. Choose an randomGaussian matrix whose entries
obey identical independent Gaussian distribution as the sensing
matrix. There are essentially two ways to recover a -sparse
signal in CS. The first method considers a convex relaxation
of (1). If , where is a constant, we can
exactly recover via the -minimization

(2)

with high probability [12]. The second method pursues greedy
algorithms for -minimization (1). One of them is orthogonal
matching pursuit (OMP). If the number of measurements

, where is a constant and , OMP
can recover from (1) with probability exceeding [29].
Greedy algorithms such as OMP and its modifications have been
proposed in [14], [24], [25], and [29]. In a word, by choosing an
appropriate sensing matrix, we can reduce the reconstruction of
sparse signals to an optimization problem with efficient algo-
rithms available.
To decide which matrix is appropriate, we need some criteria.

An insight into the geometry of sensing matrices due to Candès
and Tao [11] leads to a widely used criterion named restricted
isometry property (RIP). A matrix is said to satisfy the
RIP of order if there is a constant , such that for
any -sparse signal , we have

(3)

The smallest nonnegative number in (3) is called restricted
isometry constant (RIC) of order . In another word, if sat-
isfies the RIP of order , any column vectors from behave
like an orthogonal system. RIP is a sufficient condition which
guarantees unique and exact reconstruction of sparse signals via
-minimization [9]. If a sensing matrix satisfies the RIP and its

RIC is small enough, OMP also guarantees to recover sparse
signals exactly [15].
The construction of sensing matrices is a central problem in

CS. Suppose a -sparse signal can be exactly recovered
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from measurements. An upper bound of the possible sparsity
is

where is a constant [13]. Random matrices achieving this
bound are presented, which promise to recover sparse signals
with high probability [12]. In fact, if the entries of a matrix are
randomly drawn from certain probability distributions, then the
matrix satisfies the RIP of order with high probability, where

for some constant [4]. Meanwhile,
random matrices also have some drawbacks. First, storing the
entries of a random sensing matrix may require a lot of storage
space. Second, there is no efficient algorithm testing the RIP
of a random matrix, even though it does satisfy the RIP with
overwhelming probability. Comparing with random sensing
matrices, deterministic ones can get rid of these drawbacks.
They can be generated on the fly to save storage space and the
RIP is often easy to verify. In addition, by exploiting specific
structures of deterministic matrices, fast algorithms can be
designed to enhance the efficiency of recovery.
For a matrix with columns , the coherence

of is defined as

Coherence plays a central role in the deterministic construc-
tions, because small coherence implies the RIP.

Lemma 1.1 ([7, Proposition 1]): Suppose is a matrix with
coherence . Then, satisfies the RIP of order with

, whenever .

For an matrix , we have the well-knownWelch bound
[32]

This bound implies that the deterministic constructions based
on coherence can only generate sensing matrices with the RIP
of order .
In recent years, several deterministic constructions using

the RIP as a criterion have been proposed. Most of them are
based on coherence. In [16], DeVore uses polynomials over
finite field to construct binary sensing matrices of size

, where is a prime power. These matrices are with
coherence and satisfy the RIP of order . In [1],
Bose, Chaudhuri, and Hocquenghem (BCH) codes with large

minimum distance are used to construct
bipolar matrices with coherence and
the RIP of order . This construction is generalized
to an analogy in the complex field by using -ary BCH codes
[2]. Methods of additive combinatorics lead to matrices
satisfying the RIP of order for some
and [7]. It is remarkable that this construc-
tion overcomes the natural barrier for those
based on coherence. Additionally, matrices with coherence

are constructed, which satisfy the
RIP of order .
On the other hand, some non-RIP deterministic constructions

have been presented. In [3], chirp sequences are used to form
the columns of a complex sensing matrix and a fast recovery
algorithm is proposed. Realizing the connection between CS
theory and coding theory, real sensing matrices are constructed
from the second-order Reed–Muller codes and its subcodes
[20]. Calderbank et al. [8] summarize these two constructions
by showing that these sensing matrices satisfy the statistical
RIP. The statistical RIP is weaker than the RIP and guarantees
recovery of all but an exponentially small fraction of sparse
signals. Unbalanced expanders, which are bipartite graphs with
good expansion property, generate binary sensing matrices [5].
In [21], binary matrices are constructed by exploiting hash
functions and extractor graphs.
In this paper, we focus on the deterministic construction of

sensingmatrices via algebraic curves over finite fields. This con-
struction can be regarded as a generalization of DeVore’s con-
struction [16]. We follow the idea originated from Goppa [18]
which uses algebraic curves over finite fields to construct linear
codes. This thought has been fully developed and the codes
constructed by algebraic curves are named algebraic geometry
codes [6], [30], [33]. The knowledge of algebraic curves and
their function fields [26], [28] gives great flexibility on the con-
struction of sensing matrices. By choosing appropriate curves,
we obtain binary matrices which are better than DeVore’s ones.
The rest of this paper is organized as follows. Section II in-

cludes the background of algebraic curves over finite fields and
their algebraic function fields. In particular, we revisit Goppa’s
construction which extends Reed–Solomon (RS) codes to al-
gebraic geometry codes. It is where our idea comes from. In
Section III, we review DeVore’s construction. Inspired by the
construction of algebraic geometry codes, an analogous formu-
lation is presented to construct sensing matrices via algebraic
curves. Section IV is devoted to several examples. Section V
concludes this paper.

II. BACKGROUND

A. Background on Algebraic Curves

Our basic notations for algebraic curves follow the conven-
tions in [33]. Let be the finite field of order , where is a
prime power. An absolute irreducible algebraic curve over
is denoted by . The genus of is denoted by

. An -rational point of is a point
whose coordinates fall into . As usual, an -rational point
is called a rational point of .
A divisor of is a formal sum

where the coefficient is an integer for each point
and only finitely many of them are nonzero. If every is non-
negative, we call an effective divisor and write . The
support set of is the set of points whose coefficients
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in the formal sum are nonzero. It is denoted by . The
degree of is given by

Note that for every rational point .
Let denote the function field of . Elements of

are called functions. For a function , the principle
divisor of is

where is the normalized discrete valuation corresponding
to the point . It can be proved that there are only finitely
many being nonzero for every function . The valu-
ation implies , the algebraic closure of
. Moreover, if is a rational point, .
Given a divisor of , the Riemann–Roch space

is defined by

is a finite-dimensional vector space over and its di-
mension is denoted by . By Riemann–Roch theorem

and equality holds if deg .

B. Algebraic Geometry Codes

We follow the description of algebraic geometry codes in
[28]. Let be a subset of . Let be a -di-
mensional vector space over , which consists of polynomials
over with degree no more than

Define an evaluation map by

The image of is an linear code with length and dimen-
sion

and it is called an RS code. Since has at most zeros,
the minimum distance . On the other hand, we
have by the Singleton bound. Thus, RS codes are
maximum distance separable codes over with .
The algebraic code is a very natural generalization of the RS

code. Some slight variations of the aforementioned construc-
tion lead to the algebraic geometry codes. More specifically, the
elements of a finite field are replaced by rational points on an
algebraic curve and the vector space is replaced by the Rie-
mann–Roch space for some divisor .

Consider an algebraic curve of genus , and let
be distinct rational points of . Suppose

is a divisor with degree and the support
set supp . Therefore,
for any and . Hence, for
any and . Define an evaluation map

by

The image of is denoted by , which is
called an algebraic geometry code. The following theorem gives
its parameters.

Theorem 2.1 ([30, Th. 3.1.1]): is an
linear code over with parameters

Moreover, the dimension equals provided
.

III. MAIN RESULT

A. Review of DeVore’s Construction

In [16], DeVore gives a construction of sensingmatrices using
polynomials over finite fields. For the sake of convenience, we
consider finite fields of prime order. Let be a finite field,
where is a prime. Let be the set of polynomials over
with degree no more than . There are polynomials in .
Order the elements of lexicographically as ,

. For any , define a column
vector whose rows are indexed by the elements of .
The binary vector is of the form

where

if
otherwise

for and . Hence, for any ,
is a binary vector with exactly ones. In fact, can be regarded
as a mapping from to . is a vector recording the image
of in binary form. The column vectors form a

matrix .

Theorem 3.1 ([16, Th. 3.1]): Suppose ; then, is
a sensing matrix with coherence .

Note that this method can be applied to any finite field ,
where is a prime power. In this construction, each polynomial
gives rise to a column of the sensing matrix. Recall that each
polynomial gives rise to a codeword of the RS code. This sim-
ilarity suggests a new construction of sensing matrices, since
RS codes have been generalized to algebraic geometry codes.
In the following section, we give our construction using alge-
braic curves over finite fields.
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B. Main Construction

Suppose is a prime power and is an algebraic curve over
. Let be a set of rational points on . Choose a divisor
of such that and supp . The

Riemann–Roch space is a finite vector space over with
dimension . Since supp , we have
for any and . The function can be expressed
by a binary column vector whose entries are indexed by the
pairs in . Suppose the entry indexed by
is ; then, we take

if
otherwise.

Note that there are exactly ones in for every .
Let and . The column vectors

form an matrix . We have the following
theorem.

Theorem 3.2: Suppose ; then, is a sensing

matrix with coherence .

Proof: For any two distinct functions and in
, and are two distinct columns of

with unit norm. Suppose is the inner product of
and . Note that

. For the function ,
suppose its distinct zeros in are . We have

which implies

Therefore

Hence, coherence .

This theorem can be regarded as a generalization of DeVore’s
construction in the following manner. If the algebraic curve
is chosen to be the projective line over , the function field

is isomorphic to the rational function field . There
are rational points on , consisting of one infinite point
and finite points. There is a one-to-one correspondence

between finite rational points on and the elements of finite
field . Setting the divisor , the Riemann–Roch space

coincides with the vector space introduced
in Section III-A. In this case, we reproduce DeVore’s matrices.
We also remark that DeVore’s construction can be easily ex-

tended from a finite field to its extension field . That is,
we can use elements of and polynomials over to con-
struct sensing matrices with larger size. In the context of curves,
this extension can be realized by replacing rational points with
-rational points and taking the Riemann–Roch space as a

vector space over . See the example of elliptic curves in
Section IV.

Our construction requires the basic information about the ra-
tional points on an algebraic curve and the Riemann–Roch space
of a certain divisor. For the rational points on an algebraic curve,
software packages such as and provide built-in
functions to compute them. Meanwhile, for the computation of
Riemann–Roch space, a simple and efficient algorithm has been
proposed in [19]. To sum up, the required information is not hard
to acquire and the implementation of construction is quite easy.

IV. EXAMPLES

A. Elliptic Curves

Elliptic curves over finite fields are well known since elegant
cryptosystems are built upon the points on them [22]. For an
elliptic curve , denote the number of -rational points
on by . By Schoof’s algorithm [27], can be efficiently
computed. Furthermore, can be easily computed by the fol-
lowing lemma.

Lemma 4.1 ([31, Th. 4.12]): Let . Write
. Then, .

We can use -rational points on instead of -rational
points to construct matrix with larger size. For instance, given
an elliptic curve over

(4)

the genus . The number of -rational point
has been computed in [28]

for
for
for
for
for .

Let be the rational point at infinity and let be the set of
the remaining rational points on with . For an
integer satisfying , set .
By Theorem 3.2, we have an sensing matrix with

satisfies the RIP of order .
Specifically, if , we have an sensing

matrix with

where . satisfies the RIP of order
. Note that

and , can be used to recover signals exactly with
sparsity
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Fig. 1. Perfect recovery percentage of a random Gaussian matrix and that of a matrix formed by elliptic curve with the same size 16 64. For
each , 5000 input signals are used to compute the percentage.

Recall that DeVore’s construction [16] gives matrices which
guarantee to recover signals exactly with sparsity

Given the number of measurements , our construction is
slightly better when is sufficiently large. In addition, by
adjusting the values of and , we get a family of distinct
sensing matrices.
Now, we draw a comparison between a matrix formed by

an elliptic curve and a Gaussian random matrix via numerical
simulation. For a signal , we use OMP to solve -minimiza-
tion (1) and denote the solution by . Define the reconstruction
signal-to-noise ratio (SNR) [24] of as

If SNR is no less than 100 dB, we say the recovery of is
perfect.
Write the elliptic curve (4) in the projective form

(5)

Let ; then, all the finite -rational points of (5) are

and the infinite -rational point is . Suppose ;
is a 3-dimensional vector space over with a basis
. By Theorem 3.2, we get a 16 64 sensing matrix

formed by the elliptic curve (4). Fig. 1 shows the perfect re-
covery percentage of this matrix and that of a 16 64 random
Gaussian matrix. For each sparsity , 5000 input signals are
used to compute the perfect recovery percentage. The matrix
formed by the elliptic curve (4) outperforms the Gaussian
matrix.

Similarly, let and , we get a 32 512 sensing ma-
trix. Fig. 2 shows the perfect recovery percentage of this matrix
and that of a random 32 512 Gaussian matrix. In this case, the
matrix formed by elliptic curve (4) performs equally well as the
Gaussian matrix. Considering the advantages of deterministic
constructions, the matrices formed by elliptic curves are prefer-
able to the Gaussian matrices in practical use.

B. Hermitian Curves

By Theorem 3.2, we have matrices with coherence
, where is a set of rational points on

some curve . Hence, we are interested in the curves with
many rational points so that the upper bound of coherence is as
small as possible. Generally, the number of rational points on
a curve is bounded.

Theorem 4.1 (Hasse–Weil Theorem): Let be an algebraic
curve over with genus . Then, the number of rational
points on satisfies

One family of curves meeting this bound are the Hermitian
curves. Let be a square of a prime power. TheHermitian curve

over is defined by the affine equation

The genus and there are
rational points on [28]. Note that meets the

upper bound in Hasse–Weil theorem.
Let be the rational point of lying over the infinite point

of . And let be the set of the remaining rational points
on with . For an integer satisfying

, we set . By Theorem
3.2, we have an sensing matrix with
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Fig. 2. Perfect recovery percentage of a random Gaussian matrix and that of a matrix formed by elliptic curve with the same size 32 512.
For each , 5000 input signals are used to compute the percentage.

where . satisfies the RIP of order
. Therefore, can be used to recover signals

exactly with sparsity

Next, we draw a comparison between the matrices formed
by Hermitian curves and DeVore’s matrices. Suppose ,
where is a prime power. We obtain an matrix
from the Hermitian curve with

where , , and the coherence
. By DeVore’s construction, we have an

matrix with

where and coherence . When

and are with the same size. We compare the achieved
upper bounds of coherence, i.e., and

if
if
if .

In the sense of coherence, our matrices are asymptotically much
better than DeVore’s when . In fact, for binary

matrices, DeVore’s construction is asymptotically optimal when
[1]. Our construction gives binary matrices which

are superior to DeVore’s ones when .

V. CONCLUSION

In this paper, we introduce a new method to construct binary
sensingmatrices by using algebraic curves over finite fields. Our
construction can be viewed as a natural generalization of De-
Vore’s method using polynomials over finite fields. By choosing
appropriate curves, we obtainmatrices which are better than De-
Vore’s ones.
The resource of algebraic curves and their algebraic function

fields gives great flexibility for the construction of sensing
matrices. In [12], it has been suggested that the CS framework
leads to an encryption scheme, where a sensing matrix can be
used as an encryption key. Our construction provides more
choices of sensing matrix, i.e., more choices of encryption
key in the encryption scheme, since different curves produce
different matrices. This may be highly valuable for the potential
use of sensing matrix in the area of cryptography.
Historically, Goppa’s idea originated the study of the well-

known algebraic geometry codes which contain many linear
codes with good parameters. We believe that our construction
still has much potential. Generally, binary sensing matrices are
not good candidates in CS since all the entries are nonnegative.
Using -ary BCH codes, some contributions have been made in
the direction to generate nonbinary sensing matrices [2]. There-
fore, constructing nonbinary sensing matrices with algebraic
curves is very interesting. This is a further research problem in
the future.
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