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Abstract—This paper focuses on approximation-based adaptive
neural control of a class of nonlinear non-strict-feedback systems.
Based on the structural characteristic and the monotonously
increasing property of the system bounding functions, a vari-
able separation method is first developed. By this method, an
approximation-based adaptive backstepping approach is pro-
posed for a class of nonlinear non-strict-feedback systems. It
is shown that the proposed controller guarantees semi-global
boundedness of all the signals in the closed-loop systems. Three
examples are used to illustrate the effectiveness of the proposed
approach.

Index Terms—Adaptive neural control, function approxima-
tion technique, nonlinear systems, radial basis function neural
networks.

I. Introduction

IN THE PAST decade, approximation-based adaptive
control has received considerable attention and some sig-

nificant developments have been achieved. In these devel-
opments, neural networks or fuzzy logic systems were uti-
lized to approximate the unknown nonlinear functions and
the classical adaptive technique was used to construct the
neural or fuzzy controllers via backstepping technique. In [6],
[27], and [37], a systematic adaptive neural network (NN)
control method was proposed for a class of nonlinear strict-
feedback systems. The application of integral-type Lyapunov
function successfully avoided the possible controller singu-
larity problem. Similar work was done in [16] for nonlinear
single-input and single-output (SISO) strict-feedback systems
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with a bounded disturbance via small gain theorem method,
where lower-pass filters were employed to solve the problem
of explosion of complexity in the conventional backstepping
design. Furthermore, the corresponding results were extended
to time-delay systems by using the Lyapunov–Krasoviskii
functional for SISO systems [4], [5], [11], and [28], and for
multiinput and multioutput (MIMO) systems [7], [8], [24] and
[40]. In [18] an adaptive neural H∞ controller was proposed
for SISO nonlinear strict-feedback systems. Recently, the
neural network-based output feedback adaptive control was
discussed in [13], in which an observer-based adaptive NN
controller was proposed for a class of nonlinear strict-feedback
systems with time delays. The extension of the results from
SISO systems to MIMO systems was achieved in [12]. In
[33] and [34], the dynamic surface design technique was
utilized in adaptive neural control of nonlinear strict-feedback
systems.

In [14], [38], and [39], fuzzy logic systems were used as
the function approximators to model the unknown nonlinear
functions, and adaptive fuzzy control synthesis was developed.
In [2] and [30], instead of estimating the fuzzy weight vector
in fuzzy logic system, the norm of the fuzzy weight vector
was estimated, which considerably reduced the number of
the on-line adaptive parameters. This approach was further
improved in [1], [3], [28], and [29], where the number of
adaptive parameters was reduced to only one. Observer-based
adaptive fuzzy control was addressed in [21]. For MIMO
nonlinear strict-feedback systems, the problem of sliding-mode
control was studied in [20], and adaptive fuzzy decentralized
control was addressed in [22] and [23]. The tracking control
was discussed in [15] and [17], respectively. In [35] and
[36], adaptive fuzzy/neural control was applied to control
magnet synchronous motor. For more detail, see the references
therein.

Note that all the aforementioned control strategies are
feasible under the presupposition that the systems under con-
sideration have a strict-feedback structure. To relax such a
restriction, some efforts have been made. In [31] and [32],
robust adaptive control was studied for a class of semi-strict-
feedback systems. A system is considered to have semi-
strict-feedback form if its ith subsystem contains a whole
state nonlinear unknown function �(x, t), but its bounding
function was required to be a function of the current state
only. Based on the backstepping technique, the robust adaptive
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control law proposed in [31] and [32] guarantees global
uniform ultimate boundedness of the closed-loop systems.
In [26], backstepping-based adaptive neural control was dis-
cussed for affine-in-control pure-feedback systems. Unlike
the method in [26], in [9] a key lemma was established to
guarantee the existence of solution to multivariate functions;
furthermore, an adaptive neural network control scheme was
proposed via backstepping for affine-in-control pure-feedback
systems. This result was further extended to nonaffine pure-
feedback systems in [25]. However, pure-feedback systems [9]
and [25] allow the ith system function containing the first
i + 1 state variables only. In addition, semi-strict-feedback
systems [31], [32] are the systems in which the bound-
ing function of the ith system function contains only the
state variables from the first ith subsystems. Therefore, the
aforementioned adaptive control approaches cannot be used
to control nonlinear non-strict-feedback systems. In addition,
so far, few results on approximation-based adaptive control
have been available in the literature. These surveys indi-
cate that the control of nonlinear systems with non-strict-
feedback form remains a difficult issue and is still open for
study.

In this paper, we consider approximation-based adaptive
control for a class of nonlinear systems without strict-feedback
structure. Each subsystem function, i.e, fi(.), and its bound-
ing function contain the whole state variables. The main
difficulty to control such a nonlinear system lies in two
facts.

1) In the backstepping design procedure, the state variable
xi+1 for i = 1, ..., n − 1, will be regarded as the control
input signal for the first ith subsystems, a virtual control
signal αi is designed to guarantee the stability of the
first ith subsystems. To ensure the existence of this
virtual signal, αi must be the function of state vector
[x1, ..., xi]T only.

2) Based on a set of coordinate transformations zi =
xi − αi−1 for i = 1, 2, ..., n, adaptive control design is
usually carried out for the z-systems. So, it becomes very
difficult to deal with the functions of xi bequeathed from
the previous design step to the current step. To overcome
these difficulties, the monotonously increasing property
of the bounding functions is utilized to develop the
variable separation technique, and the structural feature
of neural networks is employed to set up the relationship
between the norm of variable xi and the one of vari-
able zi. Consequently, by the Lyapunov stability theory
and the backstepping technique, a novel approximation-
based adaptive neural control scheme is proposed for a
class of nonlinear systems in non-strict-feedback form.
It is shown that the proposed controller guarantees semi-
global boundedness of all the signals in the closed-loop
systems.

The rest of this paper is organized as follows. The
problem formulation and preliminaries are given in Section II.
Approximation-based adaptive control design is presented
in Section III. Three simulation examples are given in

Section IV, and followed by Section V that concludes the
work.

II. Problem Formulation And Preliminaries

In this paper, we consider the following SISO nonlinear
system with the non-strict-feedback form:

ẋi = gi(x̄i)xi+1 + fi(x), 1 ≤ i ≤ n − 1

ẋn = gn(x)u + fn(x) (1)

where x̄i = [x1, ..., xi]T ∈ Ri, x = [x1, ..., xn]T ∈ Rn and
u ∈ R are the state variables and the system input, respectively.
fi(.)s and gi(.)s are unknown smooth nonlinear functions with
fi(0) = 0.

System (1) is considered to be in a non-strict-feedback form
in that the system function fi(.) and its bounding function φi(.)
are the functions of the whole state. This is different from the
one of semi-strict-feedback form [31] or of the pure-feedback
form [25]. In [31] the bounding function φi(.) must be the
function of x̄i = [x1, ..., xi]T , and in [25] fi(.) does not contain
the state variable xj for j ≥ i + 2. So far, there has not been
any result on adaptive neural (or adaptive fuzzy) control for
(1).

The objective of this research is to develop a novel adaptive
neural controller to stabilize system (1). To this end, the
following assumptions are imposed on the system.

Assumption 1. The signs of gi(.)s are known and without
loss of generality, it is further assumed that gi(.) > 0, and
there exists an unknown constant g0 such that 0 < g0 ≤ gi(.),
for i = 1, 2, ..., n.

Notice that gi(.)s are virtual control gain functions, for 1 ≤
i ≤ n − 1, and control gain function, for i = n. Assumption
1 implies that they are away from zero. Such an assumption
is reasonable and is commonly made in [7], [11], [12], [16],
and the references therein.

Assumption 2. There exist strictly increasing smooth func-
tions φi(.)s : R+ → R+ with φi(0) = 0 such that for
i = 1, 2, ..., n − 1

|fi(x)| ≤ φi(||x||).

Remark 1. The increasing property of φi(.) implies that if
aj ≥ 0, for j = 1, 2, ..., n, then φi(

∑n
j=1 aj) ≤ ∑n

j=1 φi(naj).
Notice that φi(s) is a smooth function and φi(0) = 0; therefore,
there exists a smooth function hi(s) such that φi(s) = shi(s),
which results in

φi(
n∑

j=1

aj) ≤
n∑

j=1

najhi(naj). (2)

Such a property will be used to develop a backstepping design
scheme for system (1). For simplicity, the coefficient n on the
right-hand side of (2) will be omitted in the following.

Through out this paper, radial basis function (RBF) neural
networks (NNs) will be used to model nonlinear functions. In
[19], it has been proved that with sufficiently large node num-
ber N, an RBF NN W∗T S(Z) can approximate any continuous
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function f (Z) over a compact set �Z ⊂ Rq such that for a
desired level of accuracy ε

f (Z) = W∗T S(Z) + δ(Z) |δ(Z)| ≤ ε (3)

where W∗ is the ideal constant weight vector and defined by

W∗ = arg min
W∈RN

{
sup

Z∈�Z

∣∣f (Z) − WT S(Z)
∣∣}

δ(Z) is the approximation error, W = [w1, w2, ..., wN ]T is
the weight vector and S(Z) = [s1(Z), ..., sN (Z)]T is the basis
function vector with N being the number of the NN nodes and
N > 1. In this paper, si(Z) is chosen as Gaussian functions.
Thus

si(Z) = exp

[−(x − μi)T (x − μi)

η2
i

]
, i = 1, 2, ..., N

where μi = [μi,1, μi,2, ..., μi,n]T is the center of the receptive
field and ηi is the width of the Gaussian function.

III. Main Results

In this section, a systematic control design and stability
analysis procedure will be presented for system (1). For the
ith subsystem, define a virtual control signal αi as

αi = − 1

2a2
i

zi(t)θ(t) (4)

where ai is a positive design parameter, θ(t) is the esti-
mation of θ0, an unknown constant that will be specified
later. Consequently, the change of coordinates is defined as
zi = xi −αi−1, for i = 1, 2, ..., n, and α0 = 0. It can be verified
easily by induction that αi is just a function of the variable
Zi = [x1, ..., xi, θ(t)]T . Under this coordinate transformation
the system (1) is transformed into the following equivalent
form:

żi = fi(x) + gi(x̄i)xi+1 − α̇i−1, 1 ≤ i ≤ n − 1

żn = fn(x) + gn(x)u − α̇n−1 (5)

where for i = 1, 2, ..., n

α̇i−1 =
i−1∑
k=1

∂αi−1

∂xk

(fk + gkxk+1) +
∂αi−1

∂θ
θ̇. (6)

The real control law is given by

u(Zn) = − 1

2a2
n

zn(t)θ(t) (7)

where an is a positive design parameter, and θ(t) is defined as
in (4).

The adaption law is defined as the solution to the following
differential equation:

θ̇ =
n∑

i=1

r

2a2
i

z2
i − σθ (8)

with r and σ being positive design parameters.
Remark 2. According to Lemma in [1], under the initial

condition θ(t0) ≥ 0, the inequality θ(t) ≥ 0 holds for all t ≥ t0.

In the following text, it is thus assumed that θ(t) ≥ 0.

In what follows, a key lemma is first proved, which develops
the relation between the norm of the variable x and the norm
of the variable z, and makes it feasible to propose a novel
adaptive neural control approach.

Lemma 1. For the variable transformations zi = xi − αi−1,

for i = 1, 2, ..., n, the following holds:

‖x‖ ≤
n∑

i=1

|zi| ϕi(θi)

with ϕi(θi) = 1 + 1
2a2

i

θi,for i = 1, 2, ...,n − 1, and ϕn = 1.

Proof. Let α0 = yd. From Assumption 2 and (4)

||x|| ≤
n∑

i=1

|xi| =
n∑

i=1

|zi + αi−1|

≤
n∑

i=1

(|zi| + |αi−1|)

≤
n∑

i=1

|zi| +
n−1∑
i=1

1

2a2
i

θi|zi|

≤
n∑

i=1

ϕi(θi)|zi|.

In the sequel, we will discuss the dynamic performance of
the closed-loop system composed of system (5), the controller
(7) and the adaptive update law (8). To this end consider the
Lyapunov function candidate defined as

V =
n∑

i=1

1

2
z2
i +

g0

2r
θ̃2

where r > 0 is a design parameter and θ̃ = θ0 − θ with θ0

being an unknown constant and θ being its estimation. The
time derivative of V is given by

V̇ =
n∑

i=1

zi (fi − α̇i−1 + gixi+1) − g0

r
θ̃θ̇ (9)

with xn+1 = u. By using (6), (9) can be rewritten as

V̇ =
n∑

i=1

zi

(
fi −

i−1∑
k=1

∂αi−1

∂xk

fk

)

+
n∑

i=1

zi

(
−

i−1∑
k=1

∂αi−1

∂xk

gkxk+1

)

+
n∑

i=1

zi

(
−∂αi−1

∂θ
θ̇ + gixi+1

)
− g0

r
θ̃θ̇. (10)
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For simplicity, writing zi

(
fi − ∑i−1

k=1
∂αi−1

∂xk
fk

)
=

−zi

∑i
k=1

∂αi−1

∂xk
fk with ∂αi−1

∂xi
= −1. By Assumption 2,

Lemma 1 and Remark 1, one has

n∑
i=1

zi

(
fi −

i−1∑
k=1

∂αi−1

∂xk

fk(x)

)

= −
n∑

i=1

zi

i∑
k=1

∂αi−1

∂xk

fk(x)

≤
n∑

i=1

i∑
k=1

|zi

∂αi−1

∂xk

||fk(x)|

≤
n∑

i=1

i∑
k=1

|zi

∂αi−1

∂xk

|φk(||x||)

≤
n∑

i=1

i∑
k=1

n∑
j=1

|zi

∂αi−1

∂xk

||zj|ϕj(θ)hk(|zj|ϕj(θ))

≤
n∑

i=1

i∑
k=1

n∑
j=1

1

2
z2
i

(
∂αi−1

∂xk

)2

+
n∑

i=1

i∑
k=1

n∑
j=1

1

2
z2
j φ̄

2
k(|zj|ϕj(θ)) (11)

where φ̄k(|zj|ϕj(θ)) = ϕj(θ)hk(|zj|ϕj(θ)) and the coefficient
n is omitted for simplicity. Furthermore, rearranging the se-
quence of the last term in (11) produces

n∑
i=1

i∑
k=1

n∑
j=1

1

2
z2
j φ̄

2
k(|zj|ϕj(θ))

=
n∑

i=1

z2
i

n∑
k=1

(n − (k − 1))

2
φ̄2

k(|zi|ϕi(θ)). (12)

Similarly, by (6), (8) and rearranging sequence, the equality
below can be obtained

−
n∑

i=1

zi

∂αi−1

∂θ
θ̇

= −
n∑

i=1

zi

∂αi−1

∂θ

⎛
⎝ n∑

j=1

r

2a2
j

z2
j − σθ

⎞
⎠

=
n∑

i=1

zi

∂αi−1

∂θ
σθ −

n∑
i=1

zi

∂αi−1

∂θ

n∑
j=1

r

2a2
j

z2
j

=
n∑

i=1

zi

∂αi−1

∂θ
σθ

−
n∑

i=1

zi

⎛
⎝∂αi−1

∂θ

i−1∑
j=1

r

2a2
j

z2
j

+
r

2a2
i

zi

i∑
j=1

zj

∂αj−1

∂θ

⎞
⎠ . (13)

Substituting (11)–(13) into (10) yields

V̇ ≤
n∑

i=1

z2
i

i∑
k=1

n

2

(
∂αi−1

∂xk

)2

+
n∑

i=1

z2
i

n∑
k=1

(n − (k − 1))

2
φ̄k(|zi|ϕi(θ))

−
n∑

i=1

zi

(
i−1∑
k=1

∂αi−1

∂xk

gkxk+1

)
+

n∑
i=1

zi

∂αi−1

∂θ
σθ

−
n∑

i=1

zi

⎛
⎝∂αi−1

∂θ

i−1∑
j=1

r

2a2
j

z2
j

+
r

2a2
i

zi

i∑
j=1

zj

∂αj−1

∂θ

⎞
⎠

+
n∑

i=1

zigixi+1 − g0

r
θ̃θ̇

=
n∑

i=1

zi

(
f̄i + gi−1zi−1

)
+

n∑
i=1

zigiαi − g0

r
θ̃θ̇ (14)

where

f̄i(Zi) = zi

i∑
k=1

n

2

(
∂αi−1

∂xk

)2

+zi

n∑
k=1

(n − (k − 1))

2
φ̄2

k(|zi|ϕi(θ))

−
i−1∑
k=1

∂αi−1

∂xk

gkxk+1 +
∂αi−1

∂θ
σθ

−
⎛
⎝∂αi−1

∂θ

i−1∑
j=1

r

2a2
j

z2
j +

r

2a2
i

zi

i∑
j=1

zj

∂αi−1

∂θ

⎞
⎠ .

Now, define ᾱi = − 1
gi

(
(λi + 0.5) + f̄i + gi−1zi−1

)
. It follows

from (14) that

V̇ ≤
n∑

i=1

zi(f̄i + gi−1zi−1) +
n∑

i=1

zigiαi − g0

r
θ̃θ̇

= −
n∑

i=1

(λi + 0.5)z2
i +

n∑
i=1

zigi(αi − ᾱi)

−g0

r
θ̃θ̇. (15)

Note that −giᾱi is unknown, an NN W∗T
i Si(Zi) can be used to

approximate it. It follows from (3) that for any given εi > 0

−giᾱi = W∗T
i Si(Zi) + δi(Zi) |δi(Zi)| ≤ εi

with δi denoting the approximation error. Thus, the above
inequality implies that for i = 1, 2, ..., n

−zigiᾱi = ziW
∗T
i Si(Zi) + ziδi(Zi)

≤ Ni

2a2
i

z2
i ||W∗

i ||2 +
1

2
a2

i

+
1

2
z2
i +

1

2
ε2
i (16)
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where the inequality ST
i Si ≤ Ni is used and Ni is the

dimension of Si. According to (4), (7) and Remark 2, one
has

zigiαi ≤ − g0

2a2
i

z2
i θ, zngnu ≤ − g0

2a2
n

z2
nθ. (17)

Apparently, combining (15) with (16) and (17) gives

V̇ ≤ −
n∑

i=1

λiz
2
i +

n∑
i=1

1

2
(a2

i + ε2
i ) − g0

r
θ̃θ̇

+
n∑

i=1

Ni

2a2
i

z2
i ||Wi||2 −

n∑
i=1

g0

2a2
i

z2
i θ

= −
n∑

i=1

λiz
2
i +

n∑
i=1

1

2
(a2

i + ε2
i ) − g0

r
θ̃θ̇

+
n∑

i=1

g0

2a2
i

z2
i Ni||Wi||2g−1

0 −
n∑

i=1

g0

2a2
i

z2
i θ

≤ −
n∑

i=1

λiz
2
i +

n∑
i=1

1

2
(a2

i + ε2
i ) − g0

r
θ̃θ̇

+
n∑

i=1

g0

2a2
i

z2
i θ0 −

n∑
i=1

g0

2a2
i

z2
i θ

= −
n∑

i=1

λiz
2
i +

n∑
i=1

1

2
(a2

i + ε2
i ) − g0

r
θ̃θ̇

+
n∑

i=1

g0

2a2
i

z2
i θ̃

= −
n∑

i=1

λiz
2
i +

n∑
i=1

1

2
(a2

i + ε2
i )

+
g0

r
θ̃

(
n∑

i=1

r

2a2
i

z2
i − θ̇

)
(18)

with θ0 = max(Ni||Wi||2g−1
0 : i = 1.2, ..., n). Due to

θ̃θ = θ̃(θ0 − θ̃) ≤ −1

2
θ̃2 +

1

2
θ2

0 .

Therefore, by using (8) and the above inequality, (18) can be
expressed as

V̇ ≤ −
n∑

i=1

λiz
2
i − g0

2r
σθ̃2

+
n∑

i=1

1

2
(a2

i + ε2
i ) +

g0

2r
σθ2

0 . (19)

From the previous derivations, we obtain the following con-
clusion.

Theorem 1. Consider the nonlinear system (1) with As-
sumptions 1-2. Suppose that for 1 ≤ i ≤ n, the packaged
unknown functions giᾱi can be approximated by NN in the
sense that the approximating error δi are bounded. For bounded
initial conditions, the control law (7), the intermediate virtual
control αi (4) and the adaptive law (8) guarantee that all the
signals in the closed-loop system are semi-globally bounded,
and when t −→ ∞, the following inequality holds for
1 ≤ i ≤ n:

z2
i ≤ 2

d0

a0
(20)

with a0 = {2λi, σ : 1 ≤ i ≤ n} and d0 =
∑n

i=1
1
2 (a2

i +ε2
i )+ g0

2r
σθ2

0 .

Proof. Let a0 = {2λi, σ : 1 ≤ i ≤ n} and d0 =
∑n

i=1
1
2 (a2

i +
ε2
i ) + g0

2r
σθ2

0 . By using these notations, (19) can be rewritten as

V̇ ≤ −a0V + d0.

Furthermore, one has

V (t) ≤
(

V (0) − b0

a0

)
e−a0t +

d0

a0
(21)

which means that all the signals in the closed-loop system are
bounded. Especially

z2
i ≤ 2

(
V (0) − d0

a0

)
e−a0t + 2

d0

a0
.

As a result, (20) follows immediately. The proof is thus
completed.

Remark 4: The inequality (21) shows that the state vari-
ables will eventually converge to a neighborhood of the
origin with 2 d0

a0
as its radius. However, the radius of the

neighborhood, i.e, 2 d0
a0

, is unknown because d0 depends on the
unknown constants g0 and θ0. Then even though an explicit
estimation of 2 d0

a0
is impossible, it is clear that reducing ai and

σ, meanwhile increasing r will lead to a smaller 2 d0
a0

.
The design procedure of the controller can be visualized

using the block diagram shown in Fig. 1.

IV. Simulation Example

To show the effectiveness of the proposed result, three
examples are considered in this section.

Example 1. Consider the following third-order nonlinear
system described by the following differential equations:

ẋ1 = x1x
2
2x3 − x2sin(0.5x1x3)

+ (1 + 0.5sin(x1))x2

ẋ2 = x2x1x
2
3 − x2

2cos(x3) + x3

ẋ3 = x2
3e

x1−x2 + 0.5x2
2cosx3

+ (2 + x2
3cos(x1x2))u. (22)

Since f1 = x1x
2
2sinx3 −x2sin(0.5x1x3), f2 = x2x1x

2
3 −x2

2cosx3,

this system is in non-strict-feedback form. In addition, because
f1(.) contains the state variable x3, this system is also not in
pure-feedback form [25], [26]. So, the existing approximation-
based adaptive backstepping approaches cannot be used to
control this system. Then, for φ1(s) = s4 +s, φ2 = s4 +s2, f1 and
f2 satisfy Assumption 2. Therefore, the proposed method can
be used to control this system. According to Theorem 1, the
controller parameters are chosen as: a1 = 1.15, a2 = a3 = 0.75,

r = 20 and σ = 0.15. The simulation is run under the initial
conditions x(0) = [0.5, 0.5, −0.5]T and θ(0) = 0. The
simulation results are shown in Figs. 2–4. From Figs. 2 to 4,
it is clearly seen that under the action of the proposed control
law, all the closed-loop signals are semi-globally bounded. In
addition, with the same design parameters, the simulation is
also done for the initial conditions x(0) = [0.25, 0.25, 0.5]T

and θ(0) = 0 and x(0) = [0, 0.25, 0.15]T and θ(0) = 0.
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Fig. 1. Block diagram of control system.

The corresponding results are shown in Figs. 5 and 6. The
proposed controllers are independent of the priori knowledge
of the neural networks. This simplifies the design procedure
and reduces the online computing burden considerably.

Example 2. Consider the following Brusselator model
which is taken from [28]. The Brusselator model is one of the
most popular nonlinear oscillatory models of chemical kinetics

ẋ1 = C − (D + 1)x1 + x2
1x2 + d1(x),

ẋ2 = Dx1 − x2x
2
2 + (2 + cos(x1))u + d2(x) (23)

where x1 and x2 denote the concentrations of the reaction
intermediates and C > 0, D > 0 are parameters that
describe the supply of reservoir chemicals. d1(x) and
d2(x) are unknown, which are derived from the modeling
errors and other types of unknown nonlinearities in the
practical chemical reactions. In [28], to get a strict-feedback
form, d1(x) = 0.7x2

1cos(1.5t) was assumed. The influence
of the variable x2 was thus ignored. Now, we choose
d1 = 0.7x2

1x
2
2cos(1.5t) and d2(x) is the same one in [28],

Fig. 2. State response for Example 1.

Fig. 3. u for Example 1.

Fig. 4. θ for Example 1.

namely, d2 = 0.5(x2
1 + x2

2)sin(t). In this case, system (23)
is of the non-strict-feedback form. Notice that the existing
approximation-based adaptive neural (or fuzzy) control
schemes were developed under the assumption that the
systems under consideration have to be of strict-feedback
form. Therefore, they are not suitable to control system (23).
On the other hand, as a second-order system, system (23)
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Fig. 5. State response to x0 = [0.25, 0.25, 0.5].

Fig. 6. State response to x0 = [0, 0.25, 0.15].

is of the pure-feedback form. Because the condition ∂f1

∂x2

= 0

for all x ∈ R2 cannot be ensured, the existing adaptive
neural control approaches for pure-feedback systems cannot
be used to construct a controller for this system. It is well
known that another method to deal with nonlinear systems
is the Lyapunov’s linearization method. Because this system
is assumed to be unknown, we cannot get its approximate
linearized system. So, the Lyapunov’s linearization method
is not suitable for system (23). By our method, choosing
a1 = 1.3, a2 = 0.7, r = 5, σ = 0.65, and the initial condition
x(0) = [1, 1]T and θ(0) = 0, the simulation is carried out. Figs.
7–9 show the simulation results. Note that the origin point
is not the equilibrium point of system (23), the closed-loop
system function can provide a graphical method to verify the
stability of the systems. Fig. 10 shows the system functions.

Example 3. Consider a simple nonlinear second-order sys-
tem that is taken from [10]

ẋ1 = x2 + 0.75x1x
2
2

ẋ2 = u. (24)

Because of the presence of the nonlinear term x1x
2
2 this system

is of the non-strict-feedback form. Apparently, system (24) is

Fig. 7. State response for Example 2.

Fig. 8. u for Example 2.

Fig. 9. θ for Example 2.

also a pure-feedback system. Note that 1 + 1.5x1x2 
= 0 cannot
be ensured. Approximation-based adaptive neural control ap-
proaches for pure-feedback systems cannot be used to control
the system (24). In [10], a control scheme was proposed by
using the nominal system of the system (24). The suggested
control law is as follows. u = −x1 − kosgn(x2

1 + x2
2)x2 with

ko being a positive design parameter. Fig. 9 shows the state
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Fig. 10. System function curves for Example 2.

Fig. 11. State response for Example 3 by the method in [10].

response for initial condition x(0) = [1.5, 1.5]T and u with
ko = 6 by the method in [10]. For the same initial conditions,
by our approach, choose the design parameters, respectively,
as a1 = 4, a2 = 0.35, r = 40 and σ = 0.085, the simulation is
carried out. Simulation results show that the controller works
well and achieves the desired convergence performance. The
details are shown in Figs. 12–14.

In addition, the Lyapunov’s linearization method can be
used to stabilize this system. Thus, the popular LMI method
is employed for control synthesis. The feedback control law
is computed as u = −1.3125x1 − 0.9375x2. It turns out that
this approach works well for the initial state taken from the
inside unit circle, but it does not work for the initial state
outside the unit circle. Fig. 15 shows the state response of the
system (24) under the action of u with the initial condition
x(0) = [0.95, 0.95]T , and Fig. 16 shows the simulation results
for x(0) = [1, 1]T .

V. Conclusion

In this paper, we proposed a novel adaptive control approach
for a class of nonlinear systems. The main contribution of this
paper was that the variable separation technique was developed
for a class of non-strict-feedback nonlinear systems. Moreover,

Fig. 12. State response for Example 3 by our method.

Fig. 13. u for Example 3.

Fig. 14. θ for Example 3.

the application of adaptive backstepping control was extended
to a class of non-strict-feedback nonlinear systems with un-
known nonlinearities. The stability analysis showed that the
proposed method guaranteed the semi-global boundedness of
all the signals in the closed-loop systems. Three examples were
given to illustrate the effectiveness of the proposed techniques.
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Fig. 15. Lyapunov’s linearization approach with x(0) = [0.95, 0.95]T .

Fig. 16. Lyapunov’s linearization approach with x(0) = [1, 1]T .

Acknowledgment

The authors would like to thank the Associate Editor and the
reviewers for their valuable comments and helpful suggestions.

References

[1] B. Chen, X. P. Liu, K. F. Liu, and C. Lin, “Direct adaptive fuzzy control
of nonlinear strict-feedback systems,” Automatica, vol. 45, no. 6, pp.
1530–1535, 2009.

[2] B. Chen, X. P. Liu, and S. Tong, “Adaptive fuzzy output tracking control
of mimo nonlinear systems by backstepping approach,” IEEE Trans.
Fuzzy Syst., vol. 15, no. 2, pp. 287–300, Apr. 2007.

[3] B. Chen, X. Liu, K. Liu, P. Shi, and C. Lin. “Direct adaptive fuzzy
control for nonlinear systems with time-varying delays,” Information
Sci., vol. 180, no. 5, pp. 776–792, 2010.

[4] S. S. Ge, F. Hong, and T. H. Lee, “Adaptive neural network control of
nonlinear systems with unknown time delays,” IEEE Trans. Automatic
Control, vol. 48, no. 11, pp. 2004–2010, Nov. 2003.

[5] S. S. Ge, F. Hong, and T. H. Lee. “Adaptive neural control of nonlinear
time-delay systems with unknown virtual control coefficients,” IEEE
Trans. Syst., Man, Cybern., vol. 34, no. 1, pp. 499–516, Feb. 2004.

[6] S. S. Ge, C. C. Huang, T. H. Lee, and T. Zhang, Stable Adaptive Neural
Networks Control. Boston, MA, USA: Kluwer Academic, 2001.

[7] S. S. Ge and K. P. Tee, “Approximation-based control of nonlinear
MIMO time-delay systems,” Automatica, vol. 43, no. 1, pp. 31–43,
2007.

[8] S. S. Ge and C. Wang, “Adaptive neural control of uncertain MIMO

nonlinear systems,” IEEE Trans. Neural Netw., vol. 15, no. 3, pp. 674–
692, May 2004.

[9] S. S. Ge and C. Wang, “Adaptive NN control of uncertain nonlinear
pure-feedback systems," Automatica, vol. 38, no. 4, pp. 671–682, 2002.

[10] F. Gomez-Estern, A. Barreiro, J. Aracil, and F. Gordillo. “Robust gen-
eration of almost-periodic oscillztions in a calss of nonlinear systems,”
Int. J. Robust Nonlinear Control, vol. 16, no. 18, pp. 863–890, 2006.

[11] D. W. C. Ho, J. Li, and Y. G. Niu. “Adaptive neural control for a class o
f nonlinearly parametric time-delay systems,” IEEE Trans. Neural Netw.,
vol. 16, no. 3, pp. 625–635, May 2005.

[12] C. C. Hua and X. P. Guan, “Output feedback stabilization for time-delay
nonlinear inerconnected systems using neural network,” IEEE Trans.
Neural Netw., vol. 19, no. 4, pp. 673–688, Apr. 2008.

[13] C. C. Hua, X. P. Guan, and P. Shi, “Robust output feedback tracking
control for time-delay nonlinear systems using neural network,” IEEE
Trans. Neural Netw., vol. 18, no. 2, pp. 495–505, Mar. 2007.

[14] C. C. Hua and Q. G. Wang, “Robust adaptive control design for nonlinear
time-delay systems via T-S fuzzy approach,” IEEE Trans. Fuzzy Syst.,
vol. 17, no. 4, pp. 901–910, Aug. 2009.

[15] T. S. Li, S. C. Tong, and G. Feng, “A novel robust adaptive fuzzy
tracking control for a class of nonlinear MIMO systems,” IEEE Trans.
Fuzzy Syst., vol. 18, no. 1, pp. 150–160, Feb. 2010.

[16] T. S. Li, D. Wang, G. Feng, and S. C. Tong, “A DSC approach to robust
adaptive NN tracking control for strict-feedback nonlinear systems,”
IEEE Trans. Syst., Man, Cybern. B Cybern., vol. 40, no. 3, pp. 915–923,
Jun. 2010.

[17] Y. J. Liu, W. Wang, and S. C. Tong, “Robust adaptive tracking control for
nonlinear systems based on bounds of fuzzy approximation parameters,”
IEEE Trans. Syst., Man, Cybern., A Syst. Humans, vol. 40, no. 1, pp.
170–184, Jan. 2010.

[18] Y. Niu, J. Lam, and X. Wang, “Adaptive H∞ control using backstepping
and neural networks,” J. Dynamic Syst. Meas. Control, vol. 127, no. 3,
pp. 313–326, 2005.

[19] R. M. Sanner and J. E. Slotine, “Gaussian networks for direct adaptive
control,” IEEE Trans. Neural Netw., vol. 3, no. 6, pp. 837–863, Dec.
1992.

[20] S. C. Tong and H. X. Li, “Fuzzy adaptive sliding-mode control for
MIMO nonlinear systems,” IEEE Trans. Fuzzy Syst., vol. 11, no. 3, pp.
354–360, Jun. 2003.

[21] S. C. Tong, X. L. He, and H. G. Zhang. “Combined backstepping and
small-gain approach to robust adaptive fuzzy output feedback control,”
IEEE Trans. Fuzzy Syst., vol. 17, no. 5, pp. 1059–1069, Oct. 2009.

[22] S. C. Tong, H. X. Li, and G. R. Chen, “Adaptive fuzzy control for
decentralized control for a class of large-scale nonlinear systems,” IEEE
Trans. Syst., Man, Cybern., vol. 34, no. 3, pp. 770–775, Jun. 2004.

[23] S. Tong, W. Wang, and L. Qu, “Decentralized robust control for un-
certain t-s fuzzy large-scale systems with time-delay,” Int. J. Innovative
Comput. Inform. Control, vol. 3, no. 3, pp. 657–672, 2007.

[24] C. Wang and D. J. Hill, “Learning from neural control,” IEEE Trans.
Neural Netw., vol. 17, no. 1, pp. 130–146, Jan. 2006.

[25] C. Wang, D. J. Hill, S. S. Ge, and G. R. Chen, “An ISS-modular
approach for adaptive neural control of pure-feedback systems,” Au-
tomatica, vol. 42, no. 5, pp. 723–731, 2006.

[26] D. Wang and J. Huang, “Adaptive neural network control for a class of
uncertain nonlinear systems in pure-feedback form,” Automatica, vol.
38, no. 8, pp. 1365–1372, 2002.

[27] D. Wang and J. Huang, “Neural network-based adaptive dynamic surface
control for a class of uncertain nonlinear systems in strict-feedback
form,” IEEE Trans. Neural Netw., vol. 16, no. 1, pp. 195–202, Jan.
2005.

[28] M. Wang, B. Chen, and P. Shi, “Adaptive neural control for a class of
perturbed strict-feedback nonlinear time-delay systems,” IEEE Trans.
Syst., Man, Cybern., B Cybern., vol. 38, no. 3, pp. 721–730, Jun.
2008.

[29] M. Wang, B. Chen, X. Liu, and P. Shi, “Adaptive fuzzy tracking control
for a class of perturbed strict-feedback nonlinear time-delay systems,”
Fuzzy Sets Syst., vol. 159, no. 8, pp. 949–967, 2008.

[30] Y. S. Yang, G. Feng, and J. S. Ren, “A combined backstepping and
small-gain approach to robust adaptive fuzzy control for strict-feedback
nonlinear systems,” IEEE Trans. Syst., Man, Cybern., A Syst. Humans,
vol. 34, no. 3, pp. 406–420, May 2004.

[31] B. Yao and M. Tomizuka, “Adaptive robust control of SISO nonlinear
systems in a semi-strict feedback form,” Automatica, vol. 33, no. 5, pp.
893–900, 1997.

[32] B. Yao and M. Tomizuka, “Adaptive robust control of MIMO nonlinear
systems in semi-strict feedback forms,” Automatica, vol. 37, no. 9, pp.
1305–1321, 2001.

[33] S. J. Yoo, J. B. Park, and Y. H. Choi, “Adaptive output feedback control
of flexible-joint roobts using neural networks: Dynamic surface design
approach,” IEEE Trans. Neural Netw., vol. 19, no. 10, pp. 1712–1726,
Oct. 2008.



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

10 IEEE TRANSACTIONS ON CYBERNETICS

[34] S. J. Yoo, J. B. Park, and Y. H. Choi, “Adaptive neural control for a
class of strict-feedback nonlinear systems with state time-delays,” IEEE
Trans. Neural Netw., vol. 20, no. 7, pp. 1209–1215, Jul. 2009.

[35] J. P. Yu, Y. M. Ma, B. Chen, and H. S. Yu, “Adaptive fuzzy backstepping
position tracking control for a permanent magnet synchronous motor,”
Int. J. Innovative Comput. Inform. Control, vol. 7, no. 4, pp. 1589–1602,
2011.

[36] J. P. Yu, Y. M. Ma, B. Chen, H. S. Yu, and S. F. Pan, “Adaptive neural
position tracking control for induction motors via backstepping,” Int.
J. Innovative Comput. Inform. Control, vol. 7, no. 7B, pp. 4503–4516,
2011.

[37] T. Zhang, S. S. Ge, and C. Huang, “Adaptive neural network control for
strict-feedback nonlnear systems using backstepping design,” Automat-
ica, vol. 36, no. 12, pp. 1835–1846, 2000.

[38] H. G. Zhang and D. R. Liu, Fuzzy Modeling and Fuzzy Control. Boston,
MA, USA: Birkhäuser, 2006.
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