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Abstract—This study presents a robust nonsingular terminal
sliding-mode control (RNTSMC) system to achieve finite time
tracking control (FTTC) for the rotor position in the axial di-
rection of a nonlinear thrust active magnetic bearing (TAMB)
system. Compared with conventional sliding-mode control (SMC)
with linear sliding surface, terminal sliding-mode control (TSMC)
with nonlinear terminal sliding surface provides faster, finite time
convergence, and higher control precision. In this study, first, the
operating principles and dynamic model of the TAMB system
using a linearized electromagnetic force model are introduced.
Then, the TSMC system is designed for the TAMB to achieve
FTTC. Moreover, in order to overcome the singularity problem of
the TSMC, a nonsingular terminal sliding-mode control (NTSMC)
system is proposed. Furthermore, since the control characteristics
of the TAMB are highly nonlinear and time-varying, the RNTSMC
system with a recurrent Hermite neural network (RHNN) uncer-
tainty estimator is proposed to improve the control performance
and increase the robustness of the TAMB control system. Using the
proposed RNTSMC system, the bound of the lumped uncertainty
of the TAMB is not required to be known in advance. Finally,
some experimental results for the tracking of various reference
trajectories demonstrate the validity of the proposed RNTSMC
for practical TAMB applications.

Index Terms—Hermite polynomials, magnetic bearing system,
nonsingular terminal sliding-mode, recurrent neural network,
tracking control.

I. INTRODUCTION

S LIDING-mode control (SMC) is a well-known powerful
control scheme which has been successfully and widely

applied for both linear and nonlinear systems [1]. In general,
the most commonly used sliding surface is the linear sliding
surface, which can guarantee the asymptotic stability and de-
sired performance of the closed-loop control system by using
linear sliding mode [1]. Although the parameters of the linear
sliding surface can be adjusted appropriately to obtain the ar-
bitrary convergence rate, the system states can not reach the
equilibrium point in finite time [2]. To overcome this draw-
back, terminal sliding-mode control (TSMC) with nonlinear ter-
minal sliding surface is recently proposed based on the con-
cept of a terminal attractor [2], [3]. Compared with the con-
ventional SMC with linear sliding surface, TSMC offers some
superior properties such as faster, finite time convergence, and
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higher control precision [2]. However, there are two disadvan-
tages of TSMC which are the singularity point problem and
the requirement of the bound of the uncertainty. Fortunately,
the first problem has been overcame by nonsingular terminal
sliding-mode control (NTSMC) [4], [5] and the second problem
can be solved by well-designed uncertainty estimator [5]–[7].

In general, the hidden neurons in neural networks (NNs) usu-
ally have the same activation functions such as sigmoid or radial
basis functions. Moreover, the ideas of using different activation
functions for different hidden neurons have been proposed in
[8]–[11]. In [10], a novel one-hidden-layer NN was proposed in
which each hidden neuron employs a different orthonormal Her-
mite polynomial basis function (OHPBF) for its activation func-
tion. Therefore, the weighting sum of the OHPBFs series ex-
pansion yields an approximation to any function and may be re-
garded as a Hermite neural network (HNN). On the other hand,
since a recurrent neuron has an internal feedback loop to capture
the dynamic response of a system, the recurrent neural networks
(RNNs) can perform excellent dynamic mapping through their
own natural temporal operation and demonstrate good control
performance in the presence of unmodeled dynamics, param-
eter variations, and external disturbances [12]–[14].

Based on the noncontact and frictionless characteristics,
active magnetic bearing (AMB) offers many practical and
promising advantages over conventional bearings such as
longer life, lower rotating frictional losses, higher rotational
speed, and elimination of the lubrication [15]–[17]. In most ap-
plications, the controlled rotor should be positioned and moved
precisely and functionally to deal with the different operation
demands and environments. Therefore, the development of
sophisticated controller, which is capable of tracking various
reference trajectories precisely over a large fraction of the air
gap, is imperative to deal with different operating demands and
environments [18]–[20].

In this study, the controlled TAMB system is represented by a
nonlinear dynamic model, in which both the system parameter
variations and external disturbance are considered. Then, the
TSMC is designed to control the rotor position in the axial direc-
tion of the TAMB system to achieve FTTC. Moreover, the sin-
gularity problem of the TSMC is further solved by the designed
NTSMC. To improve the control performance and increase the
robustness of the TAMB control system, the RNTSMC system,
which combines the advantages of the NTSMC, RNNs and OH-
PBFs, is proposed. In the RNTSMC, the RHNN uncertainty es-
timator with superior approximated ability is employed to di-
rectly estimate the lumped uncertainty of the TAMB. Thus, the
exact value of the bound of the lumped uncertainty is unneces-
sary. Finally, some experimentation illustrating the validities of
the proposed RNTSMC for the TAMB control system are com-
pared and discussed.
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Fig. 1. Geometry of TAMB control system.

II. DYNAMIC ANALYSIS OF TAMB SYSTEM

A detailed geometry of the TAMB control system is shown
in Fig. 1. In the TAMB system, a thrust disk is embedded on
the rotor and used to carry out the rotor position control on the
defined axial direction practically. One eddy-current position
sensor is used to measure the air gap between the thrust disk
and magnetic bearing which is defined as the rotor position in
this study. The nominal air gap of the TAMB system, where
the thrust disk is centralized between two opposite magnetic
bearings, is 0.5 mm.

A pair of the U-shaped drive coils is installed on the stators
and used to produce the attractive electromagnetic force in the
response to a dc current. According to the dynamic change of
the control current, the rotor can be positioned and moved to
the predefined position functionally without mechanical contact
and friction between the magnetic bearing and the thrust disk.
Moreover, the deviation of the nominal air gap is denoted by
variable which is also referred as the rotor position. A bias
voltage is used for both the magnetic bearings to produce
the same basic attractive forces for both sides of the thrust disk
[15]. On the other hand, the control voltage is obtained by
the proposed control laws. The total current is a combination of
bias current and control current from the power amplifier,
and circulates through coils on the stator. They are for the
upper coil and for the lower coil, respectively. Using the
Newton’s law, the dynamic model of the TAMB control system
can be described as follows:

(1)

where is the mass of the rotor; is the friction constant;
is the electromagnetic force and defined as in
which and are produced by the upper and lower electro-
magnets, respectively; is the external disturbance. Further-
more, the nonlinear electromagnetic force terms are modeled in
the following [15]:

(2)

where is the electromagnet constant; and are
the two opposite air gaps. In addition, by taking the Taylor’s
expansion of (2) with respect to the nominal operating position

, the nonlinear electromagnetic force can be
represented by the following linearized electromagnetic force
model [15]:

(3)

where and are the position and current stiffness param-
eters, respectively. Substituting (3) into (1), the dynamic model
of the TAMB control system can be described as follows:

(4)

III. PROPOSED CONTROL SYSTEMS

Rewrite the dynamic model of the TAMB control system
shown in (4) as follows:

(5)

where , ,
, , , and is

the control effort . To separate the nominal system and the
uncertainties, which includes system parameter variations and
external disturbance, the dynamic model shown in (5) can be
modified as

(6)

where is the nominal value of ; is the nominal
value of ; is the nominal value of ; ,

, and denote the time-varying system pa-
rameter variations; is called the lumped uncertainty and
defined as

(7)
Here, the bound of the lumped uncertainty is necessary to be
known and satisfies the inequality

(8)

where is a positive constant and used as hitting control gains.

A. TSMC System

First, define the tracking error and its derivative
in which represents the reference trajectory. Then the ter-

minal sliding surface is defined as follows [2]:

(9)

where is a designed positive constant; and are both positive
odd integers which should satisfy the following condition:

(10)

The sufficient condition for the existence of terminal sliding-
mode is [1], [2]

(11)
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where is a positive constant. The condition shown in (11) is
satisfied if the TSMC control law is adopted as the
control effort and designed as

(12)

Thus, will reach the terminal sliding surface in finite time
which satisfies

(13)

When the terminal sliding surface is reached, the
system dynamic of can be determined by the following non-
linear differential equation:

(14)

Moreover, a finite time , which is taken to travel from
to , can be obtained as follows [2]:

(15)

Therefore, both the tracking error and its derivative will con-
verge to zero in finite time by using the TSMC system.

Since the discontinuous switching function shown in
(12) will result in chattering phenomenon, undesired responses
could be occurred for the TAMB system. To confront this
problem, is replaced by a continuous saturation function

which is defined as follows:

(16)

where is the boundary layer thickness. Moreover, although
the existence of the terminal sliding-mode can be guaranteed
outside the , it cannot be guaranteed inside the . In the worst
case, the system states trajectory would just reach . This can
have a substantial effect on the steady-state characteristics of the
system.

Now, considering the TSMC control law shown in (12), the
forth term containing may occur a singularity
problem if when due to the power of
is negative. Therefore, the TSMC cannot guarantee a bounded
control effort if when . As a result of the
unbounded control effort, the stability and safety of the TAMB
system can not be guaranteed. Therefore, the NTSMC is further
proposed to overcome the singularity problem of the TSMC
[4], [5].

B. NTSMC System

Define the nonsingular terminal sliding surface as follows [4]:

(17)

Considering the nonsingular terminal sliding surface defined as
(17), the TAMB system is stable if the NTSMC control law

is adopted as the control effort and designed
as

(18)

It is obvious that the forth term of the NTSMC control law
shown in (18) will not result in the negative power

as lone as the condition holds. Therefore, the sin-
gularity problem is solved completely in the NTSMC. More-
over, one can observe (17) that when , the system
dynamic is equivalent to (14). Therefore, the
finite time taken to reach the equilibrium point of the
NTSMC system is the same as the one of the TSMC system as
shown in (15).

Similar to the TSMC system, the switching function
of (18) can be replaced by the saturation function to
alleviate the chattering. On the other hand, since the control
precisions can be further improved by reducing the boundary
layer thickness , the chattering will become more serious
unavoidably. Moreover, due to the control characteristics of
the TAMB system are highly nonlinear and time-varying, the
required bound of the lumped uncertainty to keep the system
states trajectory on the nonsingular terminal sliding surface
is also unknown. Hence, the RNTSMC system is proposed
in which the RHNN uncertainty estimator is used to estimate
the lumped uncertainty online. Therefore, the bound of the
lumped uncertainty is unnecessary.

C. RHNN Uncertainty Estimator

In this study, the RHNN with two inputs and one output is
proposed as the uncertainty estimator in which all the hidden
neurons use different OHPBFs as the activation functions to in-
crease the search space significantly. Moreover, the RHNN as
shown in Fig. 2 includes input layer (layer 1), hidden layer (layer
2), and output layer (layer 3). Its dynamics are introduced as fol-
lows.

The network output of the RHNN can be represented
as

(19)

where represents the th iteration; are the connective
weights between hidden neurons and output neurons; are
the outputs of the hidden layer. In this study, the OHPBF is
adopted as the activation function for each hidden neuron and
can be defined as

(20)
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Fig. 2. Network structure of RHNN.

where are the orthogonal Hermite polynomials defined as
, ,

, . In general, the higher order of the
OHPBFs is used, the better approximated performance can be
obtained. Moreover, are the inputs of the hidden layer and
can be represented as

(21)

where is the recurrent gain; and are the tracking
error and its derivative . Furthermore, for ease of discussion,
the output of the RHNN is rewritten as follows:

(22)

where and
. By universal approximation the-

orem, there exists an optimal RHNN uncertainty estimator in
the form of (22) such that

(23)

where is the optimal weighting vector that achieve the per-
fect approximation; is the minimum reconstructed error. The
absolute value of is assumed to be less than a small positive
constant , i.e., . The optimal weighting vector
and minimum reconstructed error are assumed to be constants
during the estimation. It is valid in practical digital processing
since the sampling period of the estimation is short enough com-
pared with the variations of and .

D. RNTSMC System

Comparing with the TSMC and NTSMC systems, the
RNTSMC system possesses no chattering and maintains
asymptotic stability due to the switching function and the
saturation function are not used, respectively. Moreover, since
the output of the RHNN is not able to approximate per-

fectly, a robust controller is proposed to confront the minimum
approximated errors and achieve the robustness.

Theorem 1: Considering the TAMB system represented by
(6), if the proposed RNTSMC control law shown
in (24), which is composed of the equivalent control law
designed as (25), the RHNN uncertainty estimator
designed as (26) with estimation law (28) and the robust con-
troller designed as (27) with adaptive law (29), is adopted
as the control effort , then the asymptotic stability of the
proposed RNTSMC system can be guaranteed

(24)

(25)

(26)

(27)

(28)

(29)

where and are positive learning rates.
Proof: Choose the Lyapunov function candidate for the

RNTSMC system as

(30)
where and . Taking the time derivative
of the Lyapunov function, and using (6), (17), and (24)–(27),
one can obtain (31), shown at the bottom of the next page.
Hence, substituting the estimation law (28) and adaptive law
(29) into (31), it can be obtained that

(32)

Moreover, by using Barbalat’s Lemma [1], [14], it can be shown
that will converge to zero as . As a result, the
asymptotic stability of the RNTSMC system can be guaranteed.

IV. EXPERIMENTAL RESULTS

A. Reference Trajectories Planning

To demonstrate the control performance of the TAMB con-
trol system, a periodic sinusoidal command and a non-periodic
trapezoidal command are designed in this study. In general, the
designed periodic sinusoidal command with different frequency
can examine the smoothness and robustness of the tracking re-
sponses. Moreover, the designed non-periodic trapezoidal com-
mand with different velocities in different timing can verify the
effectiveness of the instant and stable tracking responses of the
positioning control.

B. Performance Measures and Comparisons

To measure the control performances of the control systems,
the maximum tracking error , the average tracking error
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and the standard deviation of the tracking error are adopted
in this study [14]. The comparison of the control performances
can be easily shown using and . Moreover, the oscillation
in the tracking responses can be measured by the .

C. Experimentation

The experimental setup for the TAMB control system in-
cludes the TAMB system, eddy-current position sensor, power
amplifiers, and personal computer (PC). The PC includes one
multi-channels analog-to-digital (AD) card with 16 bits resolu-
tion and one multi-channels digital-to-analog (DA) card with 14
bits resolution, respectively. The proposed control laws are re-
alized in the PC using the “Visual Basic” language. The control
subroutine with 5 kHz sampling rate first executes the reference
commands and reads the rotor positions from the eddy-current
position sensor via the AD card. Then, the control signal is de-
rived using the proposed control laws and then sent the total
voltages and to the power amplifiers via DA
card. After that, the total currents and from
the power amplifiers circulates the electromagnets to activate
the upper and lower coils, respectively. Therefore, the rotor can
be controlled to track the reference commands precisely. More-
over, the scaling of the input voltage and the output current of
the power amplifier is 0.5 A/V. Furthermore, two test conditions
are provided in this study, which are the nominal Case (Case 1)
and the parameter variation Case (Case 2). In Case 2, two stain-
less steel disks with respective 0.38 kg weights are added to the
left and right sides of the rotor.

To compare the control performances of the proposed
RNTSMC designed as (24)–(29), a propor-
tional-integral-derivative (PID) control designed
in (33), an SMC with linear sliding surface

designed in (34) [1], and a NTSMC
designed in (18) are also adopted as the controller,

respectively, for the TAMB control system in the experimen-
tation. Moreover, the system parameters of the TAMB and the
control gains of various controllers are shown in Table I

(33)

(34)

TABLE I
SYSTEM PARAMETERS OF TAMB AND CONTROL GAINS OF

VARIOUS CONTROLLERS

The experimental results of the TAMB control systems using
PID control, SMC, NTSMC and RNTSMC due to periodic si-
nusoidal and non-periodic trapezoidal commands at Case 1 and
Case 2 are shown in Figs. 3–6, respectively. From the experi-
mental results, poor tracking responses are obtained using the
PID control as shown in Figs. 3(a)–6(a) owing to the fixed-
gains PID control is unable to deal with the highly nonlinear
and time-varying TAMB system. Moreover, though the large
tracking errors are improved efficiently by SMC as shown in
Figs. 3(b)–6(b), the chattering phenomena are apparently due
to small boundary layer thickness is selected to achieve fast
tracking responses. Therefore, the standard deviations of the
tracking errors using SMC are not favorable. Although the chat-
tering phenomena can be reduced with smaller hitting control
gain or larger boundary layer thickness , the control preci-
sion will be degraded. Furthermore, the tracking responses can
be further improved using NTSMC as shown in Figs. 3(c)–6(c)
due to the nonsingular terminal sliding surface possesses faster
and higher precision tracking characteristics compared with the
conventional linear sliding surface of SMC. In addition, the
tracking responses using RNTSMC as shown in Figs. 3(d)–6(d)
are much improved compared with previous control systems due
to its distinguished online uncertainty estimation ability of the
RHNN.

In the proposed RNTSMC system, the RHNN is employed to
estimate the lumped uncertainty directly. Due to the existent
uncertainties in the TAMB system, the connective weights of the
RHNN are adapted continuously using the proposed estimation
law for online uncertainty estimation. The experimental results
of the online uncertainty estimations of RHNN due to the sinu-
soidal and trapezoidal commands are shown in Figs. 7 and 8,

(31)
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Fig. 3. Tracking responses of TAMB control system due to periodic sinusoidal
command at Case 1 using (a) PID control, (b) SMC, (c) NTSMC, (d) RNTSMC.

Fig. 4. Tracking responses of TAMB control system due to non-periodic trape-
zoidal command at Case 1 using (a) PID control, (b) SMC, (c) NTSMC, (d)
RNTSMC.

respectively. From the estimation law shown in (28), the adap-
tation of the connective weights of the RHNN is mainly propor-
tional to , i.e., and . Therefore, the output of the

Fig. 5. Tracking responses of TAMB control system due to periodic sinusoidal
command at Case 2 using (a) PID control, (b) SMC, (c) NTSMC, (d) RNTSMC.

Fig. 6. Tracking responses of TAMB control system due to non-periodic trape-
zoidal command at Case 2 using (a) PID control, (b) SMC, (c) NTSMC, (d)
RNTSMC.

RHNN will change apparently or inconspicuously as shown in
Figs. 7 and 8 due to the values of and are large or small.
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Fig. 7. Online uncertainty estimations via RHNN due to periodic sinusoidal
command at (a) Case 1 and (b) Case 2.

Fig. 8. Online uncertainty estimations via RHNN due to non-periodic trape-
zoidal command at (a) Case 1 and (b) Case 2.

Fig. 9. Performance measures of TAMB control system due to periodic sinu-
soidal command at Case 1.

Moreover, since the estimation law is derived from the stability
analysis of the TAMB control system via the Lyapunov stability
theorem, the closed-loop system stability can be guaranteed [5],
[7], [14]. As a result, the robustness and high control precision
of the TAMB control system using RNTSMC under the occur-
rence of uncertainties can be clearly verified.

The performance measures of various control systems for the
tracking of sinusoidal and trapezoidal commands at Case 1 and
Case 2 are shown in Figs. 9–12. Comparing the performance
measures, the proposed RNTSMC possesses the most accurate
control performance and can be applied to control the highly
nonlinear and time-varying TAMB system effectively.

Fig. 10. Performance measures of TAMB control system due to non-periodic
trapezoidal command at Case 1.

Fig. 11. Performance measures of TAMB control system due to periodic sinu-
soidal command at Case 2.

Fig. 12. Performance measures of TAMB control system due to non-periodic
trapezoidal command at Case 2.

V. CONCLUSION

This study successfully demonstrates the application of a
RNTSMC system to achieve FTTC of the rotor position in the
axial direction of a TAMB system. First, the operating princi-
ples and dynamic model of the TAMB system was introduced.
Then, the theoretical bases of the proposed control systems
were described in detail. Due to the dynamic characteristics of
the TAMB system are highly nonlinear and time-varying, the
RNTSMC was proposed to control the rotor position in which
the RHNN uncertainty estimator was employed to estimate the
lumped uncertainty of the TAMB system directly. Moreover,
a robust controller was proposed to confront the minimum
approximated error and achieve the robustness. Furthermore,
the estimation law for the on-line learning of the RHNN
was derived using the Lyapunov theorem to guarantee the
closed-loop stability. From the experimental results, excellent
robust control characteristics of the proposed RNTSMC for the



CHEN AND LIN: ROBUST NONSINGULAR TERMINAL SLIDING-MODE CONTROL FOR NONLINEAR MAGNETIC BEARING SYSTEM 643

highly nonlinear and time-varying TAMB system at different
reference trajectories and conditions are obvious.
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