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Ke-Kun Huang, Member, IEEE, Dao-Qing Dai, Member, IEEE, Chuan-Xian Ren, Member, IEEE,
and Zhao-Rong Lai, Student Member, IEEE

Abstract— A sparse representation classifier (SRC) and a
kernel discriminant analysis (KDA) are two successful methods
for face recognition. An SRC is good at dealing with occlusion,
while a KDA does well in suppressing intraclass variations. In this
paper, we propose kernel extended dictionary (KED) for face
recognition, which provides an efficient way for combining KDA
and SRC. We first learn several kernel principal components of
occlusion variations as an occlusion model, which can represent
the possible occlusion variations efficiently. Then, the occlusion
model is projected by KDA to get the KED, which can be
computed via the same kernel trick as new testing samples.
Finally, we use structured SRC for classification, which is fast
as only a small number of atoms are appended to the basic
dictionary, and the feature dimension is low. We also extend
KED to multikernel space to fuse different types of features at
kernel level. Experiments are done on several large-scale data
sets, demonstrating that not only does KED get impressive results
for nonoccluded samples, but it also handles the occlusion well
without overfitting, even with a single gallery sample per subject.

Index Terms— Face occlusion, face recognition, kernel discrim-
inant analysis (KDA), sparse representation classifier (SRC).

I. INTRODUCTION

FACE recognition has attracted much attention in image
processing, pattern recognition, and computer vision

because of its wide range of applications, such as access
control and video surveillance [1]. After many years of
investigation, face recognition is still very challenging due to
the dramatic intraclass variations, such as expression, viewing
angle, lighting conditions, and occlusions. For different com-
munities to verify their methods, many large-scale face data
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sets, such as Face Recognition Technology (FERET) [2], Pose,
Expression, Accessories, and Lighting (PEAL) of Chinese
Academy of Sciences (CAS-PEAL) [3], and Labeled Face in
the Wild (LFW) [4], have been established for evaluation.

Partial face occlusion, such as wearing sunglasses, hat, or
scarf, is one of the most challenging problems in real world.
Occluded sample is outlier, thus the traditional methods, such
as principal component analysis (PCA) [5], linear discriminant
analysis (LDA) [6], locality preserving projection [7], and
marginal fisher analysis [8], cannot deal with face occlusion
well.

Wright et al. [9] proposed a general classification algorithm
for face recognition called the sparse representation classi-
fier (SRC), where an input testing image is coded as a sparse
linear combination of training images via l1 minimization. The
SRC leads to higher classification accuracy compared with
many well-known face recognition methods. In addition, it
handles the problem of random pixel corruption and small-
scale face occlusion well by using identity matrix as the
extended dictionary.

However, the original SRC is not robust to large contiguous
occlusion [9]. The main reason is that the contiguous occlu-
sion violates the assumption that the occlusion has sparse
representation with respect to the identity matrix dictionary.
There are many works to extend SRC, such as correntropy-
based sparse representation [10], structured sparse error
coding (SSEC) [11], regularized robust coding (RRC) [12],
and robust kernel representation with statistical local
features (SLF-RKR) [13]. The above methods achieve better
performance for occlusion, but they may overfit probe sam-
ples, i.e., they are likely to regard nonoccluded samples as
occluded samples. Thus, they will decline the performance
for nonoccluded samples at the same time.

Deng et al. [14] proposed the extended sparse
representation-based classifier (ESRC), which applies an
auxiliary intraclass variant dictionary to represent the possible
variation between training images and testing ones. ESRC
improves the performance for occluded samples and that for
nonoccluded samples simultaneously. In [15], superposed
SRC (SSRC) is proposed. Similar to ESRC, SSRC adopts
the sample-to-centroid differences as the auxiliary dictionary.
Different from ESRC, SSRC constructs the basic dictionary
by the class centroids instead of all the training samples.
Though the number of atoms of the dictionary of SSRC is
less than that of ESRC, it is still large. Thus, the classification
of SSRC and ESRC is not fast enough.
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On the other hand, the kernel discriminant
analysis (KDA) [16] is another successful method for
face recognition. KDA projects the data onto a nonlinear
discriminant subspace to suppress intraclass variations and
maximize the gap between the images from different persons.
Different from LDA or SRC, where only l2-norm distance
is used, an advantage of the kernel method is that it can
exploit different distances for different features. By selecting
appropriate kernel, the performance of KDA is better than
LDA and SRC. Because of its good performance, there
are many methods extending KDA in recent years, such as
multiple kernel learning for dimensionality reduction [17],
regularized KDA [18], multiscale local phase quantization
using the kernel fusion of multiple descriptors [19], and
band-reweighed Gabor kernel embedding using multiple
orientation and scale transforms (MOST) [20]. The above
KDA-based methods achieve the state-of-the-art performances
for nonoccluded samples, but they are not good at dealing with
face occlusion, because the occluded sample is the outlier.

Although SRC and KDA have shown powerful abilities for
face recognition, few works have been proposed to integrate
them together for better performance. In this paper, we propose
kernel extended dictionary (KED) for face recognition, which
provides an efficient way for combining KDA and SRC.
It should be mentioned that KED is not the simple combination
of KDA and SRC. The key of KED is how to construct and
compute the extended dictionary, so that it can represent the
possible occlusion variations efficiently in the kernel space.

It is worth mentioning that the proposed KED is different
from the dictionary learning methods [21]–[24]. Given a set
of training samples, these methods seek the dictionary that
leads to the best sparse representation for each subject in
the training set, as well as make the representation more
discriminative. Our method is different from these methods as
follows. First, they do not learn discriminant subspace, while
our method is based on a nonlinear discriminant subspace.
Second, the dictionary they learn is only for the subjects in
the training set. They cannot handle the situation when new
subjects enrolled, while our method can, even with a single
gallery sample per subject.

Recently, deep learning, in particular convolutional neural
network (CNN), achieves very promising results for
face recognition, such as DeepFace [25], WebFace [26],
DeepID [27], and its extensions [28]–[30]. CNN is a feed-
forward architecture, involving multiple computational layers
that alternate linear operations, such as convolutions and
nonlinear operations, such as max pooling. Unlike the tradi-
tional hand-crafted features, the CNN learning-based features
are more robust to complex intrapersonal variations. Despite
their promising performance, deep architectures come with
some challenges. First, it remains unclear how to design a good
CNN architecture to adapt to a specific classification task due
to the lack of theoretical guidance [31]. Turning parameters
again and again is the main job to design the architecture.
Second, the training data are very important for the per-
formance of face recognition. To achieve better results, we
need to add more faces, which are collected in the same
situation as the evaluation data set [32]. Third, because of

the requirement for large amounts of training data, it needs
high computational cost during the training process [33].
Finally, as a feature extraction method, CNN still needs to
use some classifiers, such as joint Bayesian (JB) [34] or
metric-learning methods [35], to learn a more efficient low-
dimensional representation to distinguish faces of different
identities [32]. So, finding some classifiers that are typically
less costly to train and evaluate is still competitive for face
recognition.

The main contributions of this paper are listed as follows.
1) Propose an occlusion model. The occlusion model

is several kernel principal components of occlusion
variations, which can represent the possible occlusion
variations efficiently.

2) Propose KED. KED provides an efficient way for com-
bining KDA and SRC, which not only extracts the
nonlinear discriminant feature to deal with nonoccluded
samples, but also exploits sparse representation to deal
with occlusion. The classification procedure is fast as
only a small number of dictionary atoms are appended,
and the feature dimension is low.

3) Extend KED to multikernel space to fuse different types
of features at kernel level.

The remainder of this paper is organized as follows.
In Section II, we briefly introduce SRC and ESRC.
In Section III, we describe the proposed methods in detail.
The experimental results are given in Section IV. Finally, we
provide the conclusion in Section V.

II. RELATED WORKS

Because our method is based on SRC and ESRC,
to facilitate describing our method, we briefly introduce the
two related methods first.

A. Sparse Representation Classifier

Let X = [x1, x2, . . . , xn] ∈ R
d×n be the n samples in the

gallery set, where d is the feature dimension. The class label of
xi is assumed to be ci . Given a probe sample y ∈ R

d×1, SRC
computes its sparse representation coefficient βββ ∈ R

n×1 via

min
βββ

‖y − Xβββ‖2
2 + λ‖βββ‖1. (1)

Let δc(βββ) ∈ R
n×1 be a vector whose entries are zero except

those associated with class c. SRC assigns y to the class that
minimizes the residual

rc(y)
.= ‖y − Xδc(βββ)‖2. (2)

SRC represents y collaboratively by the samples of all
classes subject to the condition that the coefficient is sparse.
If y is from class c, it is more likely that we can use only a
few samples in the class to represent y with a good accuracy.

In many practical face recognition scenarios, the probe
sample y may be partially corrupted or occluded. In this case,
SRC computes its sparse representation via

min
βββ,β̃ββ

∥
∥
∥
∥

y − [X, I]

[
βββ

β̃ββ

]∥
∥
∥
∥

2

2
+ λ

∥
∥
∥
∥

[
βββ

β̃ββ

]∥
∥
∥
∥

1
(3)

where I ∈ R
d×d is the identity matrix.
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Fig. 1. Pipeline of KED. In the training stage, we first train the C − 1 projections of KDA from the training samples of C subjects and learn p kernel
principal components of occlusion variations as an occlusion model. Then, the gallery samples are projected by KDA to get the basic dictionary, and the
occlusion model is also projected by the same kernel trick to get the extended dictionary. In the testing stage, we first project a probe sample by KDA,
and then find its sparse representation in terms of the basic dictionary and the extended dictionary. Finally, we assign the probe sample to the subject that
minimizes the reconstruction residual.

B. Extended Sparse Representation Classifier

ESRC assumes that the intraclass variations of different
subjects are sharable, and the variant bases can be acquired
either from the gallery samples themselves or from the training
samples outside of the gallery. Let x̃i be the i th samples in
the training set to learn the intraclass variant bases, and μ̃i

be the natural sample, corresponding to x̃i in the training set.
If the corresponding natural sample is not available, we can
use the class mean instead. Then, the intraclass variant bases Ẽ
can be computed from the samples by subtracting the natural
sample or class mean

Ẽ = [x̃1 − μ̃1, x̃2 − μ̃2, . . . , x̃ñ − μ̃ñ] ∈ R
d×ñ. (4)

ESRC finds a sparse representation of a probe sample in
terms of the gallery set as well as the intraclass variant
bases

min
βββ,β̃ββ

∥
∥
∥
∥

y − [X, Ẽ]
[

βββ

β̃ββ

]∥
∥
∥
∥

2

2
+ λ

∥
∥
∥
∥

[
βββ

β̃ββ

]∥
∥
∥
∥

1
. (5)

The nonzero coefficients are expected to concentrate on the
gallery samples with the same identity as the probe sample and
on the intraclass variant bases. ESRC has better generalization
ability than SRC for face recognition, even with a single
image per class in gallery. But, the size of intraclass variant
bases using (5) is equal to that of the training set. The
classification procedure of ESRC is much slower than that
of the original SRC, because the l1-minimization problem is
time consuming, and greatly affected by the number of atoms
of dictionary.

III. PROPOSED METHOD

In this section, we describe the proposed method
in detail. In Section III-A, we propose the KED first.

Then, we discuss some properties of KED in
Section III-B.

A. Kernel Extended Dictionary

KDA learns a nonlinear discriminant subspace to suppress
intraclass variation and maximize the gap between different
subjects. By selecting appropriate kernel, the performance of
KDA can be better than LDA and SRC. But, KDA is not
good at dealing with face occlusion, because the occluded
sample is the outlier. On the other hand, SRC does well in
occlusion. But, SRC is just a classification method, which
does not learn a discriminant subspace. In order to provide
an efficient way for combining KDA and SRC, we propose
the KED, which extracts nonlinear discriminant features and
exploits the sparsity in face recognition.

Fig. 1 shows the pipeline of the proposed KED. First,
we train KDA from the training samples of C subjects.
Second, we learn p principal components from the differences
between occlusion samples and corresponding normal samples
in the kernel space. Third, we get the basic dictionary from
the gallery samples projected by KDA, and the extended
dictionary from the p principal components projected by KDA.
Finally, we use the structured sparse representation to classify
a probe sample after KDA projection. We will prove as follows
that the extended dictionary can be attained by the same kernel
trick as new probe samples, which is the key of the proposed
method.

1) Kernel Discriminant Analysis: The proposed method first
uses KDA to suppress intraclass variations and maximize the
gap between different subjects, especially for nonoccluded
samples. Furthermore, KED is also based on KDA. So, we
first give the resulting formula of KDA, and the detail process
of KDA can be found in [16].
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We consider the problem in a feature space F induced by
a nonlinear mapping: φ : R

d → F . For a properly chosen φ,
an inner product 〈·, ·〉 can be defined on F

〈φ(x), φ(x′)〉 = k(x, x′)

which makes a so-called reproducing kernel hilbert space.
Let X̃ = [x̃1, x̃2, . . . , x̃n̂] ∈ R

d×n̂ be the n̂ samples to learn
the projection vectors of KDA. According to [16], we can
learn a projection vector of KDA: vφ = ∑n̂

i=1 αiφ(x̃i ).
Then, we can project a sample x in the kernel space to the

vector, where the inner product in the kernel space can be
computed by a kernel function without knowing the nonlinear
mapping explicitly

〈vφ, φ(x)〉 =
n̂

∑

i=1

αi 〈φ(x̃i ), φ(x)〉 = αααT K(:, x) (6)

where K(:, x) = [k(x̃1, x), k(x̃2, x), . . . , k(x̃n̂, x)]T .
2) Learning Occlusion Model in Kernel Space: Most of the

intraclass variations can be suppressed by KDA. However,
because occluded sample is outlier, KDA cannot suppress
the occlusion variation well. To deal with this problem, we
propose an occlusion model. It consists of several kernel prin-
cipal components of occlusion variations, which can represent
the possible variations efficiently by only a few number of
principal components. Without loss of generality, suppose the
first ñ samples in X̃ are used to learn the occlusion model.

The covariance of occlusion variations in F is

S̃φ =
ñ

∑

i=1

(φ(x̃i ) − φ(μ̃i ))(φ(x̃i ) − φ(μ̃i ))
T

=
ñ

∑

i=1

�(i)�T (i) (7)

where �(i) = φ(x̃i ) − φ(μ̃i ), x̃i is the occluded sample, and
μ̃i is the corresponding natural sample or class mean.

We seek the optimal projection ṽφ that maximizes the
variance after projection

max
ṽφ

(ṽφ)T S̃φ ṽφ

s.t. 〈ṽφ, ṽφ〉 = 1 (8)

where ṽφ is the principal component of S̃φ , that is

S̃φ ṽφ = λṽφ. (9)

We can find the solution ṽφ = ∑ñ
i=1 α̃i�(i), where

α̃αα = [α̃1, α̃2, . . . , α̃ñ ]T satisfies the following equation:
K̃α̃αα = λα̃αα (10)

where

K̃i, j = 〈�(i),�( j)〉
= 〈φ(x̃i ) − φ(μ̃i ), φ(x̃ j ) − φ(μ̃ j )〉
= 〈φ(x̃i ), φ(x̃ j )〉 − 〈φ(x̃i ), φ(μ̃ j )〉

− 〈φ(μ̃i ), φ(x̃ j )〉 + 〈φ(μ̃i ), φ(μ̃ j )〉. (11)

Then, the top p kernel principal components Ṽφ = [ṽφ
1 ,

ṽφ
2 , . . . , ṽφ

p] constitute the occlusion model.

3) Constructing Kernel Extended Dictionary via Kernel
Trick: We can project a sample x by KDA without knowing
the nonlinear mapping explicitly via (6). Similarly, we can
also use the same kernel trick to project the kernel principal
component ṽφ = ∑ñ

i=1 α̃i�(i) by KDA with the following
equation:

(vφ)T ṽφ = 〈vφ, ṽφ〉 =
〈

n̂
∑

i=1

αiφ(x̃i ),

ñ
∑

j=1

α̃ j �( j)

〉

=
〈

n̂
∑

i=1

αiφ(x̃i ),

ñ
∑

j=1

α̃ j (φ(x̃ j ) − φ(μ̃ j ))

〉

= αααT Kα̃αα − αααT Kμα̃αα (12)

where Ki, j =〈φ(x̃i ), φ(x̃ j )〉, Kμ
i, j =〈φ(x̃i ), φ(μ̃ j )〉, ααα = [α1,

α2, . . . , αñ]T is a coefficient vector of KDA, and α̃αα = [α̃1,
α̃2, . . . , α̃ñ]T is a coefficient vector of the occlusion model.

Then, we project the occlusion model by multiple directions
of KDA to form the KED.

4) Main Steps of KED: The main steps of KED can be
summarized as follows.

1) Train the C − 1 projections of KDA, i.e., Vφ = [vφ
1 ,

vφ
2 , . . . , vφ

C−1], from the training set X̃ = [x̃1,
x̃2, . . . , x̃n̂], where C is the number of class. The training
set can be outside the gallery set.

2) Train the p principal components of occlusion variations
in the kernel space, i.e., Ṽφ = [ṽφ

1 , ṽφ
2 , . . . , ṽφ

p], from a
subset of X̃, as the occlusion model.

3) Project the gallery set X = [x1, x2, . . . , xn] ∈ R
d×n to

construct the basic dictionary by KDA via (6), that is

D = (Vφ)T φ(X). (13)

Note that the subjects in the gallery set can be never
seen in the training set.

4) Project Ṽφ by KDA to construct the KED via (12),
that is

D̃ = (Vφ)T Ṽφ. (14)

5) Project a probe sample y by KDA

yKDA = (Vφ)T φ(y). (15)

6) Find a sparse representation for yKDA in terms of the
basic dictionary D as well as the extended dictionary D̃

min
βββ,β̃ββ

∥
∥
∥
∥

yKDA − [D, D̃]
[
βββ

β̃ββ

]∥
∥
∥
∥

2

2
+ λ

∥
∥
∥
∥

[
βββ

β̃ββ

]∥
∥
∥
∥

1
. (16)

7) Assign y to the class that minimizes the residual

rc(yKDA) =
∥
∥
∥
∥

yKDA − [D, D̃]
[

δc(βββ)

β̃ββ

]∥
∥
∥
∥

2
. (17)

Note that according to (7), we first map the samples
into F before computing the difference between the nor-
mal sample μ̃i and the occluded sample x̃i , instead of
∑ñ

i=1 (φ(x̃i − μ̃i ))(φ(x̃i − μ̃i ))
T . If φ(y) has an occlusion

variation similar to ṽφ , then φ(y) can be decomposed as

φ(y) ≈ φ(x) − ṽφ (18)
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where φ(x) is the gallery sample belonging to the same class
as y in F . Thus, yKDA = (Vφ)T φ(y) can be decomposed as

(Vφ)T φ(y) ≈ (Vφ)T φ(x) − (Vφ)T ṽφ. (19)

According to our experiments, the occlusion model can rep-
resent the possible occlusion variations efficiently. As shown in
Fig. 1, there is one significant coefficient associated with the
extended dictionary for the sparse representation of a probe
occluded sample. So, the relationship of occlusion variation
is maintained in F by the nonlinear mapping φ, and we can
successfully classify the occluded sample by neglecting the
occlusion.

It should be mentioned that though the formation of (16) is
the same as (5), KED and ESRC are different as follows. First,
KED is based on KDA, i.e., both the dictionary and the probe
sample are projected by KDA, thus the intraclass variations
are suppressed, while ESRC is based on the original feature.
Second, the extended dictionary of the proposed method is
attained by the proposed occlusion model, which is composed
by only a few number of atoms, while that of ESRC is
the samples by subtracting the corresponding natural sample,
where the number of atoms is much larger than that of the
proposed method.

In real world, though there are different kinds of occlusion,
the number of common large-scale occlusion types is limited,
such as occluded by sunglasses, hat, or scarf. So, as many
papers, such as ESRC [14] and SSRC [15], we can build the
occlusion model beforehand.

Furthermore, our model can handle many occlusion types.
When there is a new type of occlusion, we can append
only a small number of atoms to the dictionary for sparse
representation, because the occlusion model is the top several
principal components of occlusion variations in the kernel
space, other than ESRC, where the extended dictionary is
all the training samples by subtracting the corresponding
natural sample. So, the occlusion model can deal with many
occlusion types simultaneously, without increasing too much
computational cost.

5) Constructing the Kernel Function: KED is a kernel
method, which is important to construct an appropriate kernel
function. Different from LDA or SRC, where only l2-norm
distance is used, an advantage of kernel method is that it can
exploit different distances for different features. For example,
the cosine of the difference of gradient directions can get better
performance with gradient feature [36], the χ2 distance does
well with Local Binary Patterns (LBP) feature [37], and the
radial basis function (RBF) kernel is good with the Gabor
feature [20]. Because of the good performance of the LBP
feature [1], [38], [39], if not specified, we use the following
RBF kernel with χ2 distance based on the LBP feature:

kL(x, x′) = exp

(

−χ2(x, x′)
σ 2

)

(20)

where χ2(x, x′) = ∑

i ((xi − x ′
i )

2/xi + x ′
i + ε).

The LBP feature is similarly derived from [37], except that
we extract the feature from the images under multiple scales.
We first build an image pyramid of three scales, with a scaling
factor

√
2. Then, we divide the image of each scale into a grid

Fig. 2. Occlusion model with linear kernel for wearing sun-
glasses (first row) and wearing scarf (second row) on the AR data set.
The first principal component (first column) represents most of the differences
between the occlusion samples and the corresponding natural samples.

of cells and histogram, the uniform LBPs within each cell.
Finally, the cell-level histograms are concatenated to produce
the final LBP feature. The LBP codes are computed using eight
sampling points on a circle of radius 2. We set the standard
deviation σ = 3μ, where μ is the mean distance of all pairs
of training samples.

B. Extension and Analysis

In this section, we analyze some properties of the proposed
method. First, we present a linear version of the occlusion
model to give an intuitional interpretation. Second, we extend
KED to multikernel space to fuse different types of features.
Finally, we analyze the computational complexity of KED.

1) Linear Visualization for Occlusion Model: When we set
the nonlinear mapping as a linear one: φ(x) = x, i.e., using
linear kernel, the occlusion model can be visualized. Fig. 2
shows the occlusion model with linear kernel for wearing
sunglasses and wearing scarf on the AR data set. We can
find that the energy is concentrated in the first principal
component. So, we can append only a small number of atoms
to the basic dictionary to represent the occlusion variations.
Compared with ESRC, which appends a large number of
atoms to the basic dictionary, the classification procedure of
the proposed method is much faster. It will be demonstrated
in the experiment as Table II.

2) Multikernel Extended Dictionary: To capture rich
enough information available in the face images, especially
in an uncontrolled data set, we need to fuse different types
of features for face recognition. So, we extend KED to
multikernel space, where we can fuse different types of
features at kernel level.

Suppose there is an ensemble kernel k generated by linearly
combining the base kernels

k(x, x′) =
M

∑

m=1

γmkm(x, x′) (21)

where γi ≥ 0. Similar to KDA, the objective function of
multi-KDA (MKDA) is

max
A,γγγ

Tr(AT KWKA)

Tr(AT KKA)
(22)
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where Ki, j = ∑M
m=1 γmkm(xi , x j ), γγγ = [γ1, γ2, . . . , γM ]T ,

and W is defined as

Wi, j =
{

1/nc, if xi and x j belong to the c-th class

0, otherwise

where nc is the number of samples of class c.
The projection matrix A and the fusing weights γγγ can

be alternatively optimized until some predefined iteration
precision is achieved [17].

Then, we can replace k(x, x′) with
∑M

m=1 γmkm(x, x′) to
extend KED to multikernel space. For example, we can
rewrite (11) into multikernel space

K̃i, j = 〈φ(x̃i ), φ(x̃ j )〉 − 〈φ(x̃i ), φ(μ̃ j )〉
− 〈φ(μ̃i ), φ(x̃ j )〉 + 〈φ(μ̃i ), φ(μ̃ j )〉

=
M

∑

m=1

γmkm(x̃i , x̃ j ) −
M

∑

m=1

γmkm(x̃i , μ̃ j )

−
M

∑

m=1

γmkm(μ̃i , x̃ j ) −
M

∑

m=1

γmkm(μ̃i , μ̃ j ). (23)

Similar to KED, we can get the p principal components
of the occlusion variations in the multikernel space, i.e., mul-
tiple KED (MKED), and use the same classification method
as (16).

3) Computational Complexity Analysis: In the training
stage, constructing the ñ × ñ kernel matrix K̃ in (11) requires
O(ñ2d), where ñ is the number of samples to train KED and
d is the number of features. The eigendecomposition of K̃
in (10) requires O(ñ3) [40]. So, training the p principal
components of the intraclass difference samples in the kernel
space requires O(ñ2d) + O(ñ3).

In addition, KED is based on KDA, and it also needs to
compute a n̂ × n̂ kernel matrix and an eigen-decomposition
problem, which requires O(n̂2d) + O(n̂3), where n̂ is the
number of samples to train KDA.

Projecting the gallery set X ∈ R
d×n by KDA to get the basic

dictionary requires O(n̂nd). Projecting p kernel principal
components by KDA to get the KED requires O(ñ2n̂ p).

In the testing stage, most of the computational cost lies
in solving the sparse representation model (16). There are
many methods to solve the l1-minimization problem, such as
orthogonal matching pursuit [41], least angle regression [42],
fast iterative soft-thresholding algorithm [43], and augmented
Lagrange multiplier (ALM) [44]. Though different methods
are of different complexities, they are all based on iterative
approximation, and each iteration requires about between
O(n2) and O(n3) in the worst case [44], where n is the number
of atoms of the dictionary. Because the number of the atoms
of the dictionary for the proposed KED is much less than that
for ESRC, KED is much faster than ESRC in the testing stage,
as will be demonstrated in Table II.

IV. EXPERIMENTAL RESULTS

In this section, we perform experiments on several large-
scale data sets, such as CAS-PEAL [3], AR [45], FERET [2],
and LFW [4], to demonstrate the performance of the proposed

methods. In Section IV-A, we present the results on the
CAS-PEAL data set. We first compare the proposed meth-
ods with some state-of-the-art methods. Then, some related
methods are compared with the proposed method based on
the same feature. At the end of the subsection IV-A, we give
the comparison of classification speed. In Section IV-B, we
compare KED with state-of-the-art methods on the AR data
set, with both multiple gallery samples per subject and a single
gallery sample per subject. In Sections IV-C and IV-D, we
give the results on the FERET data set and the LFW data set,
respectively.

To evaluate the performance of face recognition methods,
many papers [9], [10], [13], [20] consider only two kinds
of subsets: a training set and a testing set. There may be
multiple samples per subject in the training set, and all subjects
in the testing set can be found in the training set. But, for
a practical situation, the face recognition system may enroll
new subjects, and usually only a single sample per subject is
attained. We would not retrain the system at this time. So, face
recognition with a single sample per subject is an important
issue. To address this problem, Lu et al. [46] proposed the dis-
criminative multimanifold analysis by learning discriminative
features from image patches. Deng et al. [47], [48] proposed
the equidistant prototypes embedding for single sample-based
face recognition, which maps gallery samples to the equally
distant locations, rather than preserving the global or local
structure of the training data. Here, we consider three kinds
of subsets, i.e., a training set, a gallery set, and a probe set,
to evaluate the performance [3]. Note that the subjects in the
gallery set may never be seen in the training set. We can use
the training set to build a recognition model. Then, the samples
in the gallery set and the probe set are transformed by the
model and then matched each other.

Before feature extraction and classification, we must align
and crop face images first. There are many methods to align
images, such as alignment by sparse representation [49],
transform-invariant PCA [50], and explicit shape regres-
sion [51]. Here, we align face images based on facial land-
marks as many papers do. For each image, we first run the
Viola–Jones face detector [52] to locate the face. Based on the
face location, using the method in [53], we detect nine facial
landmark positions. Then, we apply similarity transformation
using these landmark points to transform a face to a canonical
frame, and crop a center region of size 120 × 100 for further
classification.

A. Results on CAS-PEAL Data Set
The CAS-PEAL face database has been constructed by the

CAS [3], which provides the worldwide researchers of face
recognition community, a large-scale Chinese face database
for training and evaluating their algorithms, and facilitates the
development by providing large-scale face images with differ-
ent sources of variations, especially PEAL. The CAS-PEAL
face database contains 99 594 images of 1040 individuals
(595 males and 445 females). We use the available frontal
subset containing 9031 images of the 1040 subjects for exper-
iment. Some example images on the CAS-PEAL data set are
shown in Fig. 1 (left).
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TABLE I

COMPARISON OF RELATED METHODS BASED ON THE SAME
FEATURE ON THE CAS-PEAL DATA SET

To create the training set, we randomly select some subjects
in three kinds of subsets, i.e., 200 subjects from the lighting
subset, 100 from the expression subset, and 20 from the
accessory subset, with four samples for each subject. Besides
the 1280 samples, we also add the normal sample of a subject
if any sample of the subject appears in the training set.
To form the gallery set, we use all the normal images, i.e.,
1040 images of the 1040 subjects, with each subject having
only one image. Then, we create six probe sets correspond to
the six subsets: expression, lighting, accessory, background,
distance, and time. All the images that appear in the training
set are excluded from these probe sets. Note that most of
the subjects in the gallery set and the probe set are never
seen in the training set. To ensure that our results will not
depend on any special choice of the training set, we repeat
the experiments ten times, and report the mean recognition
accuracy and standard deviation.

1) Comparison of Related Methods: To demonstrate the
effectiveness of KED, we compare KED with SRC, ESRC,
KDA + SRC, and KDA + ESRC. The linear version of KED,
which adopts the linear kernel, called LED, is also compared
to show the role of a nonlinear discriminant analysis in KED.
In LED, the occlusion model is learned with linear kernel,
then it is projected by LDA to form the extended dictionary,
and use structured sparse representation for classification.
For the purpose of fair comparison, all methods are based
on the same LBP feature. Because of the high dimension
of LBP feature, for SRC and ESRC, we first project the
original feature to a PCA subspace with 600 dimensions for
the sake of computation efficiency without losing too much
information. The dual ALM [44] method is used to solve all
the l1-minimization problems,1 where the sparsity coefficient
λ = 0.001. For KED,2 the extended dictionary is learned by
the top ten components for each type of accessory variation,
i.e., wearing glasses and wearing hat, in the kernel space.
We use RBF kernel with χ2 distance as presented in
Section III-A. It should be mentioned that the proposed
method uses the same training information as the other meth-
ods, including the samples occluded by accessory.

Table I shows the results of each method for four
subsets, where subset Hat denotes the samples wearing

1MATLAB code: http://www.eecs.berkeley.edu/∼yang/software/
l1benchmark/

2MATLAB code: http://www.mathworks.com/matlabcentral/profile/authors/
5133554-ke-kun-huang

TABLE II

COMPARISON OF CLASSIFICATION TIME AND CORRESPONDING
ACCURACY FOR RELATED METHODS BASED ON THE SAME

FEATURE ON THE CAS-PEAL DATA SET

hat. According to the results, we can draw the following
conclusions.

1) All methods get good results for expression variation
based on the LBP feature.

2) ESRC performs much better than SRC, which demon-
strates the superiority of ESRC by its intraclass variant
dictionary.

3) KDA + SRC improves the performance compared with
SRC, especially for lighting variation, which proves that
KDA can learn a nonlinear discriminant subspace to
well suppress the intraclass variation. But, the recog-
nition accuracy of KDA + SRC is lower than ESRC for
accessory variation, because KDA is not good enough
for occlusion.

4) KDA + ESRC gets the similar results as KDA + SRC,
because after KDA transform, most of intraclass vari-
ations are suppressed and the relationship of occlusion
variations is broken.

5) LED achieves good results for accessory variation, but
fails for lighting variation, because the linear trans-
form cannot suppress the dramatic intraclass variations
well, and LDA is likely to lose some useful energy
for SRC.

6) KED attains the best results for all subsets. KED
significantly improves the performance with accessory
variation compared with SRC and KDA + SRC. KED
is also much better than ESRC with hat variation.
It demonstrates that KED can well model the occlusion
variation by its extended dictionary in the kernel space,
and KED is not the simple combination of KDA and
SRC.

7) With lighting variation, KDA + SRC and KED get the
similar results, which proves that KED also does well
in the nonoccluded samples without overfitting.

Table II shows the comparison of classification time and
corresponding recognition accuracy for SRC, ESRC, and
KED. The classification time is the total time for all the
probe images, and the recognition accuracy is for accessory
variation. All methods use the same LBP feature for the
purpose of fair comparison. For SRC, we use the 1040 gallery
samples as the dictionary. For ESRC, we use the 1580 training
samples to construct the intraclass variation dictionary by (4).
So, there are 2620 atoms in the dictionary of ESRC besides
the 1040 gallery samples. For SRC and ESRC, 600 principal
components of the data are used in building the dictionaries.
The extended dictionary of KED is learned by the top ten
principal components for each type of accessory variation, so
there are 1060 atoms in the dictionary. There are 291 subjects
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TABLE III

COMPARISON OF STATE-OF-THE-ART METHODS
ON THE CAS-PEAL DATA SET

in the training set, so the number of dictionary rows of KED
is 290 after KDA projection.

According to the results, we can draw the following
conclusions.

1) Though ESRC significantly improves the performance
compared with SRC, the classification procedure is
much slower than SRC for the large extended dictionary.
As the number of dictionary atoms increases, the
classification time of SRC grows fast.

2) Though KED is a kernel method, which needs to com-
pute the kernel function value between the probe sample
and each training sample, the classification is still faster
than SRC, in particular, much faster than ESRC, because
KED appends only a small number of atoms to the basic
dictionary and is based on low feature dimension. Most
important of all, the recognition accuracy of KED is the
highest.

2) Comparison of State-of-the-Art Methods: We compare
the proposed method with some state-of-the-art methods, such
as SSEC [11], RRC [12], SLF-RKR [13], and MOST [20].
To give a baseline for comparison, we also present the results
of the nearest neighbor classifier. For SSEC, we set λE = 2,
λV = 0, κ = 0.3, and T = 5 as proposed in [11]. For RRC,
we set μ = (ς/δ), ς = 8, and τ = 0.8 as proposed in [12].
For SLF-RKR, we set S = 0, P0 = 5, and Q0 = 4 as proposed
in [13]. Because SSEC, RRC, and SLF-RKR do not require
any training process, we only use the gallery samples as the
dictionary for recognition. Because most of the subjects in
the gallery set and the probe set are never seen in the training
set, and the training set contains the same type of occlusion as
some probe samples, it will decline the performance if we add
the training samples to the dictionary. For instance, RRC only
gets an accuracy of 21.27% for accessory, when adding the
training samples to the dictionary. For MOST and KED, we
use the training set to train the models, and only use the gallery
set for recognition. All the methods use the same images of
size 120 × 100. The MATLAB codes of RRC and SLF-RKR
are available.3

Table III lists mean recognition accuracies for state-of-the-
art methods on the CAS-PEAL data set with six types of
intraclass variations. According to the results, we can draw
the following conclusions.

1) The accessory and lighting variations are more challeng-
ing than other variations on the data set.

3MATLAB code: http://www4.comp.polyu.edu.hk/∼cslzhang/code.htm

Fig. 3. Example images of one subject on the AR data set.

2) Though SSEC improves the recognition accuracy for
occlusion variation, it declines the performances for the
other subsets, because SSEC overfits the occlusion, i.e.,
it may regard a nonoccluded sample as an occluded
sample.

3) RRC and SLF-RKR achieve good results for occlusion,
but they fail for lighting variation, because they do
not use any training process to suppress the dramatic
intraclass variation.

4) As a KDA-based method, MOST gets impressive results
for six subsets, but is still not good enough for occlusion.

5) The proposed KED achieves the best results for all
the six subsets. Especially, it simultaneously attains the
best recognition accuracies for occlusion and lighting
variations. KED increases an average of 10.7% for
occlusion compared with MOST, and raises an aver-
age of 54.3% for lighting variation compared with
SLF-RKR. It demonstrates that not only does KED
extract the nonlinear discriminant feature to get impres-
sive results for nonoccluded samples, but it also exploits
the sparsity to handle the occlusion problem without
overfitting.

B. Results on AR Data Set

The AR face database, created by Martinez and
Benavente [45], consists of over 3315 facial images from
136 subjects (76 men and 60 women). These images suffer
from different facial variations, including various facial expres-
sions, illumination variations, and occlusion by sunglasses or
scarf. Fig. 3 shows the face images of the first subject in
the AR database. There are 119 subjects who completely
participate in two sessions, separated by two weeks, with
13 images in each session for each subject. There are less
than 26 images for each of the remaining 17 subjects.

To create a training set, we use the 833 images without
occlusion from the 119 subjects in Section I and all the images
from the remaining 17 subjects for training. Two types of
gallery set are considered here. The first gallery set is the
same as the training set where there are multiple samples
per subject, while the second gallery set is the collection of
the neutral sample of each subject in session 1 where there
is only a single sample per subject. All the images from
the 119 subjects in session 2 are used as probe set, which
is divided into four subsets: sunglasses, scarf, lighting, and
expression. Note that the training set and the first gallery set
contain the occluded images from the 17 subjects who are not
in the probe set. For the proposed method, the KED is learned
from the two types of occlusion variation from the 17 subjects,
i.e., wearing sunglasses and wearing scarf.

Table IV shows the recognition accuracies and classification
time for state-of-the-art methods on the AR data set with
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TABLE IV

RECOGNITION ACCURACIES AND TESTING TIME FOR STATE-OF-THE-ART
METHODS ON AR DATA SET WITH MULTIPLE GALLERY

SAMPLES PER SUBJECT

TABLE V

RECOGNITION ACCURACIES FOR STATE-OF-THE-ART METHODS ON

AR DATA SET WITH A SINGLE GALLERY SAMPLE PER SUBJECT

multiple gallery samples per subject. The parameters of the
methods are the same as those of the previous subsection IV-
A. For SRC and ESRC, we also use the same LBP feature as
the proposed method for fair comparison, which are denoted
by LBP + SRC and LBP + ESRC, respectively. According to
the results, we can find that the following holds.

1) The performances of LBP-based or Gabor-based
methods, such as SLF-RKR, MOST, LBP + SRC,
LBP + ESRC, and KED, are much better than pixel-
based methods, such as SRC, ESRC, SSEC, and RRC.

2) MOST and SLF-RKR get good performance for the
samples wearing scarf, but are not good for the samples
wearing sunglasses.

3) KED attains the best performances for all subsets.
It demonstrates that KED not only does well in
nonoccluded samples, but also handles the occlusion
well.

4) MOST is not a sparse-based method, so the classification
is the fastest. KED is only a little slower than MOST
and much faster than ESRC, because it appends only
a small number of atoms constructed by the proposed
occlusion model to the basic dictionary, rather than the
difference images as ESRC.

Table V shows the recognition accuracies and classificatioin
time for state-of-the-art methods on the AR data set with a
single gallery sample per subject. According to the results,
we can find that the following holds.

1) Compared with Table IV, the performance of KED is
almost not changed, while the classification is much
faster, which demonstrates the robustness of KED.

TABLE VI

RECOGNITION ACCURACIES FOR STATE-OF-THE-ART METHODS
ON THE FERET DATA SET

2) ESRC and MOST even get better performance by
a single gallery sample per subject, especially with
sunglasses occlusion, because there is not any gallery
sample with occlusion that may introduce mistake.

3) SRC, RRC, SSEC, and SLF-RKR attain worse
performance for occlusion, because the sparse
representation-based methods cannot eliminate
occlusion without occluded gallery samples.

C. Results on FERET Data Set

The FERET database [2] is assembled to support the
government monitored testing and evaluation of face recogni-
tion algorithms using standardized tests and procedures. The
database consists of 14 051 images of human heads with views
ranging from frontal to left and right profiles. We use the
standard procedure for experiment. The gallery set consists
of 1196 images from fa subset, with only single image
per subject. The probe subsets fb and fc are captured with
expression and illumination variations (the images in fc are
captured by a different camera). Especially, the probe subsets
dup1 and dup2 consist of images that are taken at different
times. For some people, more than two years elapsed between
the gallery set and dup1 or dup2 set. Fig. 4 shows some
example images of one subject on the FERET data set. We
use the gallery set and the remaining front images outside
the probe sets for training. KED is learned from the training
samples who wearing glasses in the CAS-PEAL database.

Table VI shows the recognition accuracies for state-of-the-
art methods on the FERET data set. We can find that the per-
formances of SLF-RKR, MOST, LBP + SRC, LBP + ESRC,
and KED are excellent for fb subset. MOST also gets good
performance for fc subset, but fails for dup1 and dup2 subsets.
On the whole, KED attains the best performances for all
subsets. For the dup1 subset, KED increases the accuracy
by 43.3% than SRC, 31.8% than ESRC, 44% than SSEC,
21.6% than RRC, 15.4% than SLF-RKR, 20.9% than MOST,
16.6% than LBP + SRC, and 10.5% than LBP + ESRC. For
the dup2 subset, the improvement of KED is much more
significant.

D. Results on LFW Data Set

The LFW data set [4] contains 13 233 images
of 5749 people downloaded from the Web, which is
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Fig. 4. Example images of one subject on the FERET data set.

Fig. 5. Some cropped examples of one person in the LFW data set.

designed for unconstrained face recognition with dramatic
variations of pose, illumination, expression, misalignment,
occlusion, and so on. Some cropped examples of one person
are shown in Fig. 5.

Since the LFW data set was established, many face verifi-
cation methods have been proposed on the uncontrolled data
set. Face verification is to determine whether a pair of face
images is from the same person or not, which is a binary-
class problem. But in traditional face identification, we must
identify which person a face image belongs to, which is a
multiclass problem. Face identification and face verification
are two subproblems in face recognition [34]. Though some
methods can achieve impressive results in a subproblem, they
may get poor performance in another subproblem. So, we
perform two kinds of experiments on the LFW data set, i.e.,
face identification and face verification.

1) Face Identification on LFW Data Set: As [13], a subset
of LFW is used in the identification experiments, which
consists of 5425 images of 311 subjects with no less than
six samples per subject. We randomly select five samples per
subject for training, and the rest for testing. Once we select
a random training sample set, they are used for all methods.
We repeat the experiments ten times.

The parameters of SRC, ESRC, SLF-RKR, and MOST are
the same as previous. Because JB [34] classifier and high-
dimensional LBP (HDLBP) [38] feature have demonstrated
their efficiency for uncontrolled face recognition [54], we also
compare HDLBP + JB, HDLBP + SRC, and HDLBP + ESRC.
For the proposed method, to capture rich enough information
available in the uncontrolled face images, similar to [38],
we use the multiscale LBP features sampling around some
landmarks. Besides LBP feature, we also use Gabor feature
sampling around some landmarks with RBF kernel. Then, we
use MKED to fuse the two types of features for classification.
To learn KED and MKED, we use some of the images of the
subjects with no less than two samples per subject but less
than six samples per subject in LFW, which are occluded by
sunglasses, hat, or some other objects.

Fig. 6 shows ten random face identification results for state-
of-the-art methods and the proposed methods on the LFW data
set. According to the results, we can find that the following
holds.

1) SRC and ESRC get poor performance on the uncon-
trolled database, because they are based on original pixel
feature.

Fig. 6. Face identification results for state-of-the-art methods and the
proposed methods on the LFW data set.

2) Though SLF-RKR is an LBP-based method, the perfor-
mance is not good enough on the uncontrolled database,
because its LBP feature is extracted at fixed grids, which
may fail on the misaligned condition for the dramatic
expression and pose variations on the LFW database.

3) Though the Gabor feature of MOST is also extracted at
fixed grids, it gets better performance than SLF-RKR on
the database, which shows that the KDA-based method
can well suppress the dramatic intraclass variations.

4) The methods based on the HDLBP feature significantly
improve the performance compared with the methods
based on the fixed-grid feature, which demonstrates
that the landmark-based feature can handle the pose
or expression variation better than the grid-based fea-
ture. The performance of HDLBP + JB is better than
HDLBP + SRC and HDLBP + ESRC, which shows the
power of JB for uncontrolled face recognition.

5) As a KDA-based method, KED achieves better
performance than the above methods by landmark-
based feature. Combining landmark-based Gabor feature
and LBP feature by MKED, it achieves the best
performance. MKED increases an average of 3.2%,
5.1%, 7.1%, 12.5%, 19.9%, and 35.7% compared
with KED, HDLBP + JB, HDLBP + ESRC,
HDLBP + SRC, MOST, and SLF-RKR, respectively.
Note that HDLBP + JB achieves good results for face
verification, but our method significantly outperforms
HDLBP + JB for face identification. It clearly shows
the effectiveness of MKED in dealing with uncontrolled
face identification.

2) Face Verification on LFW Data Set: LFW speci-
fies a number of evaluation protocols for face verification.
We follow the unrestricted protocol and use only the training
data provided by LFW. The data set is divided into ten disjoint
splits, which contain different identities. The performance is
measured by performing a tenfold cross validation, training
the model on nine splits, and testing it on the remaining split.
In the unrestricted protocol, the training information is pro-
vided as simply the names of the people in each split. The test-
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TABLE VII

MEAN VERIFICATION ACCURACIES AND STANDARD DEVIATIONS
FOR STATE-OF-THE-ART METHODS ON LFW DATA SET

UNDER UNRESTRICTED PROTOCOL

Fig. 7. ROC curves averaged over tenfold cross validation under LFW
unrestricted protocol without outside training data.

ing set is the 600 predefined image pairs in the remaining split.
For the proposed method, we use MKED to fuse the

landmark-based LBP and Gabor feature, and select the top
300 persons, which have the most number of samples to
train the MKDA projection and the fusing weights. To apply
MKED for face verification, judging whether a given pair of
samples, i.e., I and J , belong to the same subject or not,
as [62], we use a set of background samples together with I
and its horizontally mirrored sample as the basic dictionary,
and the other sample J as the probe. The verification score
is defined as 1 − rc, where rc is the residual defined in (17).
In order to get better performance for face verification, we also
combine the Mahalanobis distance in the kernel space learned
by information theory [63].

We compare against the best results listed in the
LFW official Web site, including the methods without

outside training data, such as combined multishot
[55], LBP multishot [55], LBP Probabilistic Linear
Discriminant Analysis [56], JB [34], HDLBP + JB [38],
Fisher vector [57], ConvNet-Restricted Boltzmann
Machine [58], Soft Local Binary Patterns [59],
VisionLabs [60], Aurora [61], and High-fidelity Pose
and Expression Normalization + HDLBP + JB [54], and
the deep learning-based methods with outside training data,
such as ConvNet-RBM [58], DeepFace [25], DeepID [27],
DeepID2 [28], and DeepID3 [29].

Table VII lists mean verification accuracies and stan-
dard deviations for state-of-the-art methods on the LFW
data set under unrestricted protocol. Our method achieves
93.60% face verification accuracy, which is only lower than
HPEN + HDLBP + JB without outside training data. Though
the performances of the deep learning-based methods are
better than the proposed method, they need large amounts of
outside training data, which are collected in the same situation
as the LFW data set.

Fig. 7 shows the Receiver Operating Characteristic
curves averaged over tenfold cross validation for the meth-
ods without outside training data. For more explicit, we
only show the figure where false positive rate is from
0 to 0.5, and true positive rate is from 0.5 to 1.
It can be found that the performance of our method is as good
as the best results, which demonstrates that our method can
not only get good identification performance but also do well
in verification task.

V. CONCLUSION

The experiments suggest a number of conclusions as
follows.

1) Compared with sparse representation-based classifiers,
such as SRC and ESRC, not only does KED achieve
better performance for occlusion, but it also gets much
higher recognition accuracies for dramatic intraclass
variations, such as LFW data set and dup2 in FERET
data set. Furthermore, KED is much faster than SRC
and ESRC because only a small number of atoms
are appended to the basic dictionary and the feature
dimension is low.

2) Compared with kernel-based methods, such as MOST,
KED yields much better recognition accuracies for
occlusion, and also improves the performance for
nonoccluded samples.

3) KED significantly improves the performance for occlu-
sion compared with KDA + SRC. KED is not the simple
combination of KDA and SRC. The key of KED is how
to construct and compute the extended dictionary, so
that it can represent the possible occlusion variations
efficiently in the kernel space.

4) MKED can fuse different types of features at kernel level
to capture rich enough information available in the face
images. On the LFW data set, MKED achieves much
higher identification accuracy than some state-of-the-art
methods, and gets competitive results for verification
task.
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