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Abstract—A new formulation for multiway spectral clustering is proposed. This method corresponds to a weighted kernel principal

component analysis (PCA) approach based on primal-dual least-squares support vector machine (LS-SVM) formulations. The

formulation allows the extension to out-of-sample points. In this way, the proposed clustering model can be trained, validated, and

tested. The clustering information is contained on the eigendecomposition of a modified similarity matrix derived from the data. This

eigenvalue problem corresponds to the dual solution of a primal optimization problem formulated in a high-dimensional feature space.

A model selection criterion called the Balanced Line Fit (BLF) is also proposed. This criterion is based on the out-of-sample extension

and exploits the structure of the eigenvectors and the corresponding projections when the clusters are well formed. The BLF criterion

can be used to obtain clustering parameters in a learning framework. Experimental results with difficult toy problems and image

segmentation show improved performance in terms of generalization to new samples and computation times.

Index Terms—Spectral clustering, kernel principal component analysis, out-of-sample extensions, model selection.

Ç

1 INTRODUCTION

SPECTRAL clustering comprises a family of clustering
methods that make use of the eigenvectors of some

normalized affinity matrix derived from the data to group
points that are similar. These techniques are known to
perform well in cases where classical clustering methods
such as k-means and linkage absolutely fail. Many spectral
clustering applications can be found in fields like machine
learning, computer vision, and data analysis. Starting from
graph theory, this family of algorithms [1], [2], [3], [4], [5], [6]
is formulated as relaxations of graph partitioning problems
that are generally NP-complete. These relaxations take the
form of eigenvalue problems involving a normalized
affinity matrix containing pairwise similarities. When only
two groups are required, the relaxed solution corresponds
to a particular eigenvector. The cluster information can then
be extracted by binarizing the relaxed solution. However,
the clustering problem complicates when more than two
clusters are required because converting the relaxed solu-
tions to cluster information is not straightforward. Typical
approaches to tackle this issue are recursive cuts and
reclustering, which were discussed in [1]. Recursive binary
cuts are not optimal because only one eigenvector is used
when other eigenvectors may also contain cluster informa-
tion and it is not clear when to stop cutting. The reclustering

approach consists of applying k-means over the eigenvec-
tors. This approach works only when the cluster informa-
tion contained in the eigenvectors has a spherical structure.
More advanced techniques are based on minimizing a
metric between the relaxed solutions and the set of allowed
cluster indicators [7], [8] and on finding peaks and valleys of
a criterion that measures cluster overlap [9].

One of the main drawbacks of spectral clustering is the
fact that the clustering model is defined only for training
data with no clear extension to out-of-sample points. The
methods described in [10], [11] allow extensions to new
points by approximating the implicit eigenfunction using
the Nyström method [12], [13]. The underlying clustering
model is usually not known and the parameter selection is
done in a heuristic way.

Kernel principal component analysis (PCA) [14] corre-
sponds to an unsupervised learning technique useful for
nonlinear feature extraction, denoising, and dimensionality
reduction. This method is a nonlinear extension of PCA by
using positive definite kernels. The objective is to find
projected variables in a kernel-induced feature space with
maximal variance. Links between spectral clustering and
kernel PCA have been discussed in [15], [16]. The methods
show that some forms of spectral clustering can be seen as a
special case of kernel PCA. The method described in [16]
shows that classical binary spectral clustering, such as the
normalized cut [1], the NJW algorithm [3], and the random
walks model [6], are cases of weighted kernel PCA with
different weighting matrices.

In this paper, we propose a multiway spectral clustering
model based on a weighted kernel principal component
analysis scheme [16], [17]. The formulation is based on [16],
which is a binary clustering technique, and extended to the
multiway clustering case with encoding and decoding
schemes. The formulation fits into the least-squares support
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vector machines (LS-SVMs) framework [18], [19] by con-
sidering weighted versions. The proposed approach is cast
in a constrained optimization framework with primal and
dual insights. This interpretation allows the clustering
model to be extended to out-of-sample data points without
relying on approximation techniques such as the Nyström
method. The eigenvectors of a modified similarity matrix
derived from the data are shown to be the dual solutions to
a primal optimization problem formulated in a high-
dimensional feature space. These solutions contain cluster-
ing information and show a special structure when the
clusters are well formed. The out-of-sample extension is
obtained through projections onto these eigenvector solu-
tions. We also propose a model selection criterion called the
BLF. This criterion exploits the structure of the eigenvectors
and the corresponding projections and can be used to
obtain model parameters.

This paper is organized as follows: Section 2 contains a
review of existing spectral clustering techniques. Section 3
contains a description of the existing weighted kernel PCA
approach to binary spectral clustering. In Section 4, we
propose the multiway spectral clustering model. Section 5
contains the out-of-sample extension, together with an
algorithm. In Section 6, we discuss about model selection
and propose the BLF criterion. Section 7 contains the
empirical results, and in Section 8, we give conclusions.

2 SPECTRAL CLUSTERING

2.1 Graph Theory

Given a set of N data points fxigNi¼1; xi 2 IRd and some
similarity measure sij � 0 between each pair of points xi
and xj, an intuitive form of representing the data is using a
graph G ¼ ðV; EÞ. The vertices V represent the data points
and the edge eij 2 E between vertices vi, vj has a weight
determined by sij. If the similarity measure is symmetric,
then the graph is undirected. The affinity matrix of the
graph is the matrix S with ij-entry Sij ¼ sij. The degree of
vertex vi is the sum of all the vertex weights adjacent to vi
and is defined as degi ¼

PN
j¼1 sij, the degree matrix D is a

diagonal matrix containing the vertex degrees deg1; . . . ;
degN on the diagonal.

A basic problem in graph theory is the graph bipartition-

ing problem that is to separate the graph G into two disjoint

sets A;B based on a cut criterion. The resulting sets should

be disjoint:A \ B ¼ ; andA [ B ¼ V. This problem has been

extensively studied [2], [20] and several cut criteria have

been proposed [1], [4], [20], [21]. The normalized cut NCut

[1] is a common bipartitioning criterion and is defined as

NCutðA;BÞ ¼ cutðA;BÞ=VolðAÞ þ cutðA;BÞ=VolðBÞ, where

VolðAÞ �
P

i2A di denotes the volume of the set A. The

NCut can be extended to the general case in which the

problem is to separate the graph into k disjoint sets:

NCutðA1; . . . ;AkÞ ¼
Pk

l¼1 cutðAl;AlÞ=VolðAlÞ, where A de-

notes the complement of A.

2.2 The Normalized Cut Relaxation

The NCut algorithm has become a very popular technique
for spectral clustering and image segmentation. Its approx-
imate solution follows from the second smallest eigenvector

(also known as the Fiedler vector) of a generalized
eigenvalue problem. The problem of minimizing the NCut
can be written (see [1]) as

min
q

NcutðA;BÞ ¼ qTLq

qTDq
; ð1Þ

such that q 2 f�c; 1gN;
qTD1N ¼ 0;

�

where L ¼ D� S is the unnormalized graph Laplacian
and c ¼ VolðAÞ=VolðBÞ. Unfortunately, minimizing the
NCut is NP-complete [1]. However, an approximate
solution can be found by relaxing the discrete constraint
on q. If q can take real values, then the objective in (1)
corresponds to the Rayleigh quotient of the generalized
eigenvalue problem L~q ¼ �D~q, where ~q 2 IRN . The remain-
ing constraint ~qTD1N ¼ 0 is automatically satisfied in the
generalized eigenproblem. Therefore, the relaxed solution
to the NCut is the Fiedler vector.

2.3 Markov Random Walks

A Markov random walks view of spectral clustering was
discussed in [6], [22]. A random walk on a graph consists of
random jumps from vertex to vertex. This interpretation
showed that many properties of spectral clustering methods
can be expressed in terms of a stochastic transition matrix P
obtained by normalizing the affinity matrix such that its
rows sum to 1. The ijth entry of P represents the probability
of moving from node i to node j in one step. This transition
matrix can be defined as P ¼ D�1S. The corresponding
eigenvalue problem becomes Pr ¼ �r.

The eigenvalues of P are 1 ¼ �1 � �2 � � � � � �N , with
corresponding eigenvectors 1N ¼ rð1Þ; rð2Þ; . . . ; rðNÞ. Consider
the generalized eigenvalue problem of the NCut: L~q ¼ �D~q,
then premultiplying by D�1 leads to ðIN � P Þ~q ¼ �~q. This
shows that the eigenvectors of P are identical to the
eigenvectors of the NCut algorithm and the eigenvalues of
P are �i ¼ 1� �i, i ¼ 1; . . . ; N . Minimizing the NCut can be
interpreted as finding a partition of the graph in such a way
that the random walk remains most of the time in the same
cluster with few jumps to other clusters.

2.4 The k-Way NCut Relaxation

Consider fp 2 f0; 1gN as the cluster indicator vector for the
pth cluster such that fp has a 1 in the entries corresponding
to the data points in the pth cluster. The cluster indicator
matrix becomes F ¼ ½f1; . . . ; fk� 2 f0; 1gN�k. Defining gp ¼
D1=2fp=kD1=2fpk2, p ¼ 1; . . . ; k, and G ¼ ½g1; . . . ; gk� leads to
the k-way NCut criterion:

NCutðA1; . . . ;AkÞ ¼ k� trðGTL̂GÞ;

where L̂ is the normalized Laplacian defined as L̂ ¼
D�1=2SD�1=2 and GTG ¼ Ik. The matrix G that minimizes
the k-way NCut can be found by maximizing the trace of
GTL̂G:

arg min
G

NCutðA1; . . . ;AkÞ ¼ arg max
G

TrðGTL̂GÞ;

such that GTG ¼ Ik:
ð2Þ
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Relaxing the discrete constraint and allowing G to be a real-
valued matrix leads to the k-way NCut relaxation [23]:

arg min
~G

NCutðA1; . . . ;AkÞ ¼ arg max
~G

Trð ~GTL̂ ~GÞ; ð3Þ

such that ~GT ~G ¼ Ik: ð4Þ

This maximization problem is a special case of Fan’s theorem
[24]. The solution to this relaxed problem is ~G? ¼ AR1,
whereA ¼ ½að1Þ; . . . ; aðkÞ� 2 IRN�k is any orthonormal basis of
the kth principal subspace of L̂ andR1 2 IRk�k is an arbitrary
orthogonal matrix [7], [24]. Considering the eigenvalue
problem of the normalized Laplacian D�1=2SD�1=2a ¼ �a;
premultiplying by D�1=2 leads to Pu ¼ �u, with u ¼ D�1=2a.
Thus, the relation between the k-way NCut and the random
walks model is � ¼ �; a ¼ D1=2r.

2.5 Perturbation Analysis and Piecewise Constant
Eigenvectors

In the ideal case of a graph with k disconnected
components, the corresponding affinity matrix shows a
block diagonal structure composed of k blocks if the clusters
are ordered. The transition matrix P in this case will have
k eigenvalues equal to 1 and the remaining eigenvalues will
be less than 1. The eigenvectors corresponding to these
unitary eigenvalues are the indicator functions to the
respective disconnected components and the clustering is
trivial because each cluster is represented as a single point
in IRk. This also corresponds to the piecewise constant
property of eigenvectors discussed in [6], [25], where the
spectral clustering problem is cast in a probabilistic frame-
work using block stochastic matrices.

Definition 1 [6]. A piecewise constant vector � ¼ ½�1; . . . ;
�N � 2 IRN relative to a partition of � ¼ fApgkp¼1 and a data
set D ¼ fxigNi¼1 is defined as

�j ¼ cp; for all xj 2 Ap; p ¼ 1; . . . ; k;

where cp is a constant value corresponding to the pth cluster.

Perturbation analysis is the study of how the eigenvalues

and eigenvectors of a symmetric matrix B change if an

additive perturbation E is considered. The perturbed

matrix is denoted by ~B � Bþ E. The Davis-Kahan theorem

[26] states that the distance between the top k eigenvalues

and eigenvectors of the perturbed matrix ~B and the top

k eigenvalues and eigenvectors of B is bounded by kEkF=�,
where k � kF denotes the Frobenius norm, � ¼ ~�k � ~�kþ1

corresponds to the additive eigengap, and ~�k is the

kth ordered eigenvalue of ~B. Therefore, if the perturbation

is small and the eigengap is large enough, the perturbed

eigenvectors will be approximately piecewise constant, and

consequently, easy to cluster [27]. This represents one of the

fundamental ideas of spectral clustering.

2.6 From Eigenvectors to Clusters

The relaxed solutions provided by k-way spectral clustering
methods are real-valued and do not provide cluster
indicator matrices. Hence, it is necessary to convert these
solutions in order to obtain indicators of the partitioning. In

[1], two methods were proposed. The first one is based on
applying binary cuts in a recursive way. The current
partition is subsequently divided if the NCut is below some
prespecified value. The process is repeated until k clusters
have been found. This method is slow and not optimal due
to the fact that only the second smallest eigenvector is used
when other eigenvectors may contain useful information.
The second method called reclustering is one of the most
popular approaches for k-way spectral clustering and
consists of computing the top k eigenvectors of the k-way
NCut problem, and then, applying k-means onto them. This
works for piecewise constant eigenvectors because every
cluster Ai 2 � is mapped to a unique point in IRk. A
different approach, called rounding, was introduced in [28].
It is based on the minimization of a metric between the
relaxed solution and the set of discrete allowed solutions.
This optimization problem can be solved either with respect
to the partition resulting in a weighted k-means algorithm
[29] or with respect to the similarity matrix yielding an
algorithm for learning W given a particular partition. In [9],
a method called linearized cluster assignment was dis-
cussed. This method transforms the problem of obtaining
clusters from the eigenvectors into finding peaks and valley
of a 1D quantity called cluster crossing.

3 KERNEL PCA AND LS-SVMs

3.1 Classical Kernel PCA Formulation

A kernel-based algorithm for nonlinear PCA was described

in [14]. This algorithm performs linear PCA in a kernel-

induced feature space nonlinearly related to the original

input space. Given a set of N data points fxigNi¼1; xi 2 IRd,

kernel PCA finds directions in which the projected variables

wT’ðxiÞ, i ¼ 1; . . . ; N have maximal variance. Here, ’ð�Þ :

IRd ! IRdh corresponds to the mapping to a high-dimen-

sional feature space F of dimension dh (which can be infinite

dimensional). Assuming zero-mean-mapped dataPN
i¼1 ’ðxiÞ ¼ 0, the covariance matrix in the feature space

becomesC � ð1=NÞ
PN

j¼1 ’ðxjÞ’ðxjÞ
T with eigendecomposi-

tion Cw ¼ �w. The computation of ’ð�Þ and C is complicated

due to the high dimensionality of F . However, by making

use of the representer theorem [14], it is possible to avoid

dealing with the mapped data explicitly. A positive definite

kernel K : IRd � IRd ! IR is a positive definite function that

corresponds to a dot product in a high-dimensional feature

space Kðxi; xjÞ ¼ ’ðxiÞT’ðxjÞ. The kernel PCA problem can

be solved by means of the eigendecomposition of the kernel

matrix � 2 IRN�N which contains pairwise evaluations of the

kernel function �ij ¼ Kðxi; xjÞ, i; j ¼ 1; . . . ; N . Typically, the

data are preprocessed in the feature space by removing the

mean. This step is accomplished by centering the kernel

matrix: �c ¼Mc�Mc, where Mc ¼ IN � ð1=NÞ1N1TN is the

centering matrix.
The kernel PCA eigenvalue problem becomes �c	 ¼ �	:

The resulting eigenvectors have to be normalized in F by
requiring k	ðjÞk2 ¼ 1=

ffiffiffiffiffi
�j

p
, j ¼ 1; . . . ; N .

3.2 LS-SVM Formulation to Kernel PCA

An LS-SVM approach to kernel PCA was introduced in
[19]. This approach showed that kernel PCA is the dual
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solution to a primal optimization problem formulated in a
kernel-induced feature space. The underlying loss function
associated with kernel PCA was shown to be L2. Given the
training set fxigNi¼1, xi 2 IRd sampled i.i.d. from an under-
lying distribution P, the LS-SVM approach to kernel PCA is
formulated in the primal as:

min
w;ei;b

Jpðw; eiÞ ¼



2N

XN
i¼1

e2
i �

1

2
wTw;

such that ei ¼ wT’ðxiÞ þ b; i ¼ 1; . . . ; N;

ð5Þ

where b is a bias term.

Proposition 1 [17], [19]. Given a positive definite kernel

function K : IRd � IRd ! IR with Kðxi; xjÞ ¼ ’ðxiÞT’ðxjÞ,
the Karush-Kuhn-Tucker (KKT) conditions of the Lagrangian

of (5) are satisfied by each eigenvector � of the dual problem

�c� ¼ ��, where �c denotes the centered kernel matrix and

� ¼ N=
.

Remark 1 [19]. Note that including a bias term in (5) leads
to centering the kernel matrix. The mapped points in the
feature space have zero mean. The bias term becomes

b ¼ � 1

N
1TN��:

3.3 Weighted Kernel PCA

A weighted kernel PCA formulation based on the LS-SVM
framework was discussed in [16], [17]. This formulation has
been used for extending kernel PCA to general loss
functions in order to achieve sparseness and robustness in
an efficient way [17]. A different kind of weighting was
used in [16] to link several binary spectral clustering
algorithms with kernel PCA. Introducing a symmetric
positive definite weighting matrix V (typically chosen to
be diagonal) into (5) leads to the following primal problem:

min
w;e

Jpðw; eÞ ¼



2N
eTV e� 1

2
wTw;

such that e ¼ �w;

ð6Þ

where e ¼ ½e1; . . . ; eN � is the compact form of the projected

variables ei ¼ wT’ðxiÞ, i ¼ 1; . . . ; N , V ¼ diagð½v1; . . . ; vN �Þ is

the weighting matrix, and � ¼ ½’ðx1ÞT ; . . . ;’ðxNÞT � is the

N � nh feature matrix.

Lemma 1 [16]. Given a positive definite kernel function K :

IRd � IRd ! IR with Kðxi; xjÞ ¼ ’ðxiÞT’ðxjÞ, a symmetric

positive definite weighting matrix V , and a regularization

constant 
 2 IRþ, the KKT optimality conditions of the

Lagrangian of (6) are satisfied by each eigenvector � of the

dual problem:

V�� ¼ ��; ð7Þ

where � ¼ N=
 is the corresponding eigenvalue.

Remark 2. Note that (6) is, in general, a nonconvex problem.
Hence, the KKT conditions are necessary but not
sufficient. The eigenvectors � of V� correspond to
stationary points of the Lagrangian and the objective
function evaluated at all stationary points is equal to zero
[17]. Therefore, each eigenvector/value pair can be seen

as a candidate solution. The component selection
problem can be solved by sorting the eigenvectors in
decreasing order with respect to �.

Remark 3. Given a set of Ntest test points fxtest
m g

Ntest

m¼1 sampled

i.i.d. from P, the projection of these points (also called

the score variables) over an eigenvector becomes

z ¼ �test�
T�, where �test ¼ ½’ðxtest

1 Þ
T ; . . . ;’ðxtest

Ntest
ÞT � is

the Ntest � nh feature matrix. Applying the kernel trick

leads to

z ¼ �test�;

where �test ¼ �test�
T is the Ntest �N kernel matrix

evaluated using the test points with entries �mi
test ¼

Kðxtest
m ; xiÞ, m ¼ 1; . . . ; Ntest, i ¼ 1; . . . ; N .

3.4 Links with Binary Spectral Clustering Methods

The weighted kernel PCA framework has also been used to
provide links with spectral clustering techniques such as
the NCut [1], the approximate kernel alignment [30], [31],
the NJW algorithm [3], and the random walks [6],
emphasizing primal-dual insights in addition to out-of-
sample extensions for binary clustering [16]. Table 1 shows
the relation between weighted kernel PCA and some
spectral clustering methods. The last column indicates
which eigenvector of (7) is the relaxed solution to the
original spectral method given V .

4 MULTIWAY FORMULATION TO SPECTRAL

CLUSTERING

The multiclass problem in classification consists of obtain-
ing nc classes by using a set of ny binary classification
problems. The number of additional classifiers is an
important issue and typically corresponds to different
encoding/decoding schemes. A unique codeword
yl 2 f�1; 1gny , l ¼ 1; . . . ; nc is assigned to each class. The
one-versus-all coding scheme consists of setting ne equal to
the number of classes nc and making binary decisions
between each class and all the other classes. In one-versus-
one, the number of binary classifiers is set to ncðnc � 1Þ=2
and the discrimination is made for each possible pair of
classes. The number of one-versus-one classifiers is usually
higher than the number of classifiers in the one-versus-all
case, but the resulting decision boundaries are typically
simpler. Another encoding scheme is to use ny problems to
encode up to 2ny classes. The error-correcting output code
(ECOC) [32] approach usually introduces redundancy ðny >
ncÞ and a careful design of codewords (e.g., good Hamming
distance between codewords, codewords motivated by
known features). In order to classify a new point, the
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output variables are then compared with the set of code-
words and the new point is assigned to the class of the
closest codeword in terms of Hamming distance. This
scheme has shown good results in terms of robustness
against some errors induced by noise.

In this paper, we extend the weighted kernel PCA model
for binary spectral clustering to the k-way case by using
some concepts of multiclass theory and introducing addi-
tional score variables as constraints. This extension is
inspired in the multiclass formulation for LS-SVM models
discussed in [18]. Introducing additional regularization
constants, score variables, bias terms, and using the inverse
of the degree matrix as the weighting matrix leads to the
following primal problem:

min
wðlÞ;eðlÞ;bl

1

2N

Xne
l¼1


le
ðlÞTD�1eðlÞ � 1

2

Xne
l¼1

wðlÞ
T

wðlÞ ð8Þ

such that

eð1Þ ¼ �wð1Þ þ b11N;
eð2Þ ¼ �wð2Þ þ b21N;

..

.

eðneÞ ¼ �wðneÞ þ bne1N:

8>>><
>>>:

In this case, each score variables vector eðlÞ provides a
binary clustering with cluster indicator qðlÞ ¼ signðeðlÞÞ,
l ¼ 1; . . . ; ne.

Lemma 2. Given a positive definite kernel function K :

IRd � IRd ! IR with Kðxi; xjÞ ¼ ’ðxiÞT’ðxjÞ, regularization

constants 
l 2 IRþ, l ¼ 1; . . . ; ne, and the inverse of the degree

matrix D�1 which is diagonal with positive elements, then the

KKT optimality conditions of the Lagrangian of (8) are

satisfied by the following eigenvalue problem:

D�1MD��ðlÞ ¼ �l�ðlÞ; ð9Þ
where �l ¼ N=
l, l ¼ 1; . . . ; ne, and

MD ¼ IN �
1

1TND
�11N

1N1TND
�1: ð10Þ

Proof. Consider the Lagrangian of the problem (8):

LðwðlÞ; eðlÞ; bl;�ðlÞÞ ¼
1

2

Xne
l¼1


le
ðlÞTD�1eðlÞ � 1

2

Xne
l¼1

wðlÞ
T

wðlÞ

�
Xne
l¼1

�ðlÞ
T �
eðlÞ � �wðlÞ � bl1N

�
;

with KKT optimality conditions:

@L
@wðlÞ

¼ 0! wðlÞ ¼ �T�ðlÞ;

@L
@eðlÞ

¼ 0! �ðlÞ ¼ 
l
N
D�1eðlÞ;

@L
@bl
¼ 0! 1TN�

ðlÞ ¼ 0;

@L
@�ðlÞ

¼ 0! eðlÞ ¼ �wðlÞ þ bl1N;

8>>>>>>>>><
>>>>>>>>>:

ð11Þ

for l ¼ 1; . . . ; ne. The bias terms become:

bl ¼ �
1

1TND
�11N

1TND
�1��ðlÞ; l ¼ 1; . . . ; ne: ð12Þ

Eliminating the primal variables wðlÞ, eðlÞ, bl leads to the
eigenvalue problem (9). tu
The choice of D�1 as the weighting matrix is motivated

by the random walks model [6] and the piecewise constant
property of the eigenvectors when the clusters are well
formed. When the weighting matrix is set to IN , the
eigenvalue problem (9) becomes kernel PCA which is
known to lack discriminatory features for clustering.

Remark 4. The score variables for the test points become

zðlÞ ¼ �test�
ðlÞ þ bl1Ntest

; l ¼ 1; . . . ; ne: ð13Þ

Remark 5. Note that including a bias term into the weighted
kernel PCA formulation leads to a different kind of
centering. The matrixMD can be interpreted as a weighted
centering matrix removing the weighted mean from each
column of �. The weights are determined by D�11N . The
effect of this centering is that the eigenvector �ð1Þ

corresponding to the largest eigenvalue �1 already
contains information about the clustering. This is not
the case in the random walks algorithm, where the top
eigenvector rð1Þ corresponds to 1N , and therefore, does
not contain any information about the clusters.

Remark 6. Consider the score variables of a test point x with
the following centering in the feature space:

zðlÞðxÞ ¼ wðlÞ
T �
’ðxÞ � �̂’D

�
;

where �̂’D ¼
PN

j¼1 D
�1
jj ’ðxjÞ=ð1TND�11NÞ is the weighted

mean and l ¼ 1; . . . ; ne. Applying the first optimality
condition (11) leads to:

zðlÞðxÞ ¼
XN
i¼1

�
ðlÞ
i Kðxi; xÞ þ bl; l ¼ 1; . . . ; ne:

This shows that the score variables for test points are
also centered with respect to the weighted mean in the
feature space.

Corollary 1. Every entry in the score variables of training data
has the same sign as the corresponding entry in the
eigenvectors. This is formulated as:

signðeðlÞi Þ ¼ signð�ðlÞi Þ; i ¼ 1; . . . ; N; l ¼ 1; . . . ; ne:

Proof. Using (11), and taking into account that D is
also diagonal leads to e

ðlÞ
i ¼ �lDii�

ðlÞ
i , i ¼ 1; . . . ; N ,

l ¼ 1; . . . ; ne. Since �l and the entries of D are always
positive, then the sign of e

ðlÞ
i depends only of the sign

of �
ðlÞ
i . tu

4.1 Encoding/Decoding Scheme

In classification, the encoding scheme is chosen beforehand
and enforced into the problem by using the labels. In
clustering, as a representative of unsupervised learning
there are no target values, and therefore, the codewords are
obtained afterward and given by the eigenvectors. If the
eigenvectors are piecewise constant, then every cluster Ap,
p ¼ 1; . . . ; k is represented with a unique codeword
cp 2 f�1; 1gne . The codebook C ¼ fcpgkp¼1 can then be
obtained from the rows of the binarized eigenvector matrix
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½signð�ð1ÞÞ; . . . ; signð�ðneÞÞ� or from the clustering indicator
matrix of training data ½qð1Þ; . . . ; qðneÞ� (Corollary 1). Introdu-
cing a bias term leads to centering the kernel matrix and
obtaining zero mean eigenvectors. This is important for
coding since the optimal threshold for binarizing the
eigenvectors is automatically determined. The first eigen-
vector already provides a dichotomy due to the centering
imposed by the bias terms. Therefore, the number of score
variables needed to encode k clusters is ne ¼ k� 1. The
decoding scheme consists of comparing the obtained cluster
indicators with the codebook and selecting the nearest
codeword in terms of Hamming distance. This scheme
corresponds to the ECOC decoding procedure.

5 OUT-OF-SAMPLE EXTENSION

Spectral clustering methods provide a clustering only for
the given training data without a clear extension to out-of-
sample (test) points. This issue was first mentioned in [10]
and applies also to several spectral algorithms for manifold
learning such as local linear embedding (LLE) [33], isomap
[34], and Laplacian eigenmaps [35]. A link between kernel
PCA and manifold learning was presented in [15], where
LLE, isomap and Laplacian eigenmaps, and locality preser-
ving projections (LPPs) [36] are interpreted as kernel PCA
with different kernel matrices. However, these techniques
are more suited to data visualization than to clustering since
the problem of obtaining clusters from the out-of-sample
extensions is not clear. The out-of-sample method proposed
in [10] consists of applying the Nyström method [12] in
order to provide an embedding for the test points by
approximating the underlying eigenfunction. Our proposed
extension is based on the score variables which correspond
to the projections of the mapped out-of-sample points onto
the eigenvectors found in the training stage. The cluster
indicators can be obtained by binarizing the score variables
for out-of-sample points as follows:

signðzðlÞÞ ¼ signð�test�
ðlÞ þ bl1Ntest

Þ; l ¼ 1; . . . ; k� 1: ð14Þ

This natural extension to out-of-sample points without
relying on approximations like the Nyström method corre-
sponds to the main advantage of the weighted kernel PCA
framework. In this way, the clustering model can be trained,
validated, and tested in an unsupervised learning scheme.

In this section, we provide an implementation of the
multiway formulation to spectral clustering together with
an extension to out-of-sample data points. According to
Fan’s theorem [24], the relaxed solutions to the k-way
normalized cut are arbitrary rotated eigenvectors. An
intuitive approach to obtain the clusters from the eigenvec-
tors is to find the rotation matrix that makes the eigenvector
matrix a cluster indicator matrix (i.e., only one nonzero
entry per row). The spectral method discussed in [8] uses
this approach and proposes an incremental gradient
descent algorithm to obtain the optimal number of clusters.
However, finding this rotation matrix increases the compu-
tational cost. The computation of the rotation matrix can be
avoided using k-means because this method is invariant to
rotated eigenvectors but is prone to local minima, requires
good initialization, and assumes spherical clusters.

Proposition 2. Consider a training data set D ¼ fxigNi¼1, xi 2
IRd sampled i.i.d. from an underlying distribution P, a

validation data set Dv ¼ fxvmg
Nv

m¼1, xm 2 IRd also sampled
i.i.d. from P, and an isotropic kernel function Kðxi; xjÞ,
i; j ¼ 1; . . . ; N . Let � be the kernel matrix with ij-entry �ij ¼
Kðxi; xjÞ and let �ðlÞ, l ¼ 1; . . . ; k� 1, be the eigenvectors of
(9). Consider the following assumptions:

. P contains k clusters denoted by � ¼ fA1; . . . ;Akg.

. The eigenvectors �ðlÞ, l ¼ 1; . . . ; k� 1, are piecewise
constant.

. Kðxi; xjÞ ! 0, when xi and xj are in different
clusters.

Then, validation points in the same cluster are collinear in

the k� 1-dimensional subspace spanned by the columns of Zv,

where Zv 2 IRNv�ðk�1Þ is the validation score variables matrix

with ml-entry Zv
ml ¼ zðlÞm ¼

PN
i¼1 �

ðlÞ
i Kðxi; xvmÞ þ bl and m ¼

1; . . . ; Nv, l ¼ 1; . . . ; k� 1.

Proof. The eigenvectors�
ðlÞ
i are piecewise constant; therefore,

�
ðlÞ
j ¼ cðlÞp , for all xj 2 Ap, l ¼ 1; . . . ; k� 1, p ¼ 1; . . . ; k,

where cðlÞp is the constant value corresponding to the pth
cluster in the lth eigenvector. The projections become:

zðlÞm ¼ cðlÞp
X
j2Ap

Kðxj; xvmÞ þ
X
u 62Ap

�ðlÞu Kðxu; xvmÞ þ bl; ð15Þ

where l ¼ 1; . . . ; k� 1, p ¼ 1; . . . ; k, m ¼ 1; . . . ; Nv. Note

that Kðxu; xvmÞ tends to zero when xu and xvm are not in

the same cluster; therefore, the term
P

u 62Ap �
ðlÞ
u Kðxu; xvmÞ

is very small compared to the term cðlÞp
P

j2Ap Kðxj; x
v
mÞ.

In this case, validation points belonging to the same

cluster are represented as collinear points in the score

variables space. tu
The proposed encoding scheme is based on an arbitrary

set of orthogonal hyperplanes induced by the eigenpro-
blem. Due to the fact that the eigenvectors can be arbitrarily
rotated, the hyperplanes can bisect data points in the same
cluster if the data are not well represented. However, this is
improbable for well-represented data because, in that case,
data points belonging to the same cluster will be located in
the same orthant. The algorithm of the proposed multiway
spectral clustering approach is shown in Table 2.

6 MODEL SELECTION

The results obtained using spectral clustering depend
greatly on the choice of the affinity function and its
parameters. The most used affinity function is the radial
basis function (RBF) kernel Kðxi; xjÞ ¼ expð�0:5kxi �
xjk2

2=�
2Þ with tuning parameter �2. The selection of this

parameter is not considered as part of the learning process
and is commonly done in a manual way using grid search
and minimizing some cluster distortion function [3]. How-
ever, counterexamples can be easily found in which clusters
with small distortion do not correspond to the natural
grouping of the data. The tuning method proposed in [8]
introduces local scaling by selecting a �i parameter per data
point xi. The selection of this scaling parameter is done in a
heuristic way using the distance of the point xi to some
nearest neighbor. Again, the results of this approach depend
on the choice of the nearest neighbor. A different method
that can be used to learn the parameters given a particular
partition was proposed in [7]. In this case, the method
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corresponds to a supervised setting and the clustering cost
function characterizes the ability of the induced affinity
matrix to produce clusters that fit the given partition. The
selection of the number of clusters k is also a general problem
for all clustering methods and several approaches have been
proposed. Typical algorithms are the eigengap heuristic, the
elbow criterion, the gap statistic [37], and the silhouette
index [38]. The simplest approach is the eigengap heuristic
which consists of choosing a value for k such that the
eigengap j�kþ1 � �kj is greater than some threshold value .
The justification of this procedure relies on the fact that in the
ideal case when the graph has k disconnected components,
the multiplicity of the eigenvalue 1 is k. Thus, the ðkþ 1Þth
eigenvalue will be less than 1 resulting in some eigengap. In
this ideal case, the threshold can be set to zero, but in
practical situations, this simple heuristic absolutely fails. The
elbow criterion is a simple measure of the compactness of the
clusters and the gap statistic together with the silhouette
index are advanced cluster distortion indicators.

In this paper, we propose a criterion called the balanced line
fit for estimating suitable spectral clustering parameters,
namely, the RBF kernel parameter �2 (or the �2 kernel
parameter �2

�) and the number of clusters k. This criterion
exploits the eigenstructure of piecewise constant eigenvec-
tors and the corresponding projections. Consider the follow-
ing average measure of collinearity of a validation data setDv
with respect to a clustering � ¼ fA1; . . . ;Akg, k > 2,

linefitðDv; kÞ ¼ 1

k

Xk
p¼1

k� 1

k� 2

�
ðpÞ
1P
l �
ðpÞ
l

� 1

k� 1

 !
; ð16Þ

where �
ðpÞ
1 � � � � � �

ðpÞ
k�1 are the ordered eigenvalues of the

sample covariance matrix:

C
ðpÞ
~Z
¼ 1

jApj
~ZðpÞ

T ~ZðpÞ; p ¼ 1; . . . ; k; ð17Þ

where ~ZðpÞ 2 IRjApj�ðk�1Þ is the matrix representing the zero

mean score variables for validation data assigned to the

pth cluster. The term �
ðpÞ
1 =

P
l �
ðpÞ
l indicates how much of the

total variance is contained on the eigenvector corresponding

to the largest eigenvalue of C
ðpÞ
~Z

. In this way, if the validation

score variables for the pth cluster are collinear, then all

variance is contained on the first eigenvector and

�
ðpÞ
1 =

P
l �
ðpÞ
l equals 1. On the other hand, if the total variance

is evenly distributed on the eigenvectors, then �
ðpÞ
1 =

P
l �
ðpÞ
l

equals 1=ðk� 1Þ. The additional terms in (16) fix the criterion

such that the linefit equals 0 when the score variables are

distributed spherically (i.e., the eigenvalues are identical)

and equals 1 when the score variables are collinear.

Note that the linefit is defined only for k > 2. When

k ¼ 2, only one eigenvector is needed to obtain a binary

clustering. Consider the matrix �Zv 2 IRNv�2, where the

mth entry in the first column corresponds to the score

variables zm ¼
PN

i¼1 �iKðxi; xvmÞ þ b and the mth entry in

the second column to
PN

i¼1 Kðxi; xvmÞ þ b. This modification

allows the application of the linefit criterion when k ¼ 2:

linefit ðDv; kÞ¼

X2

p¼1

��
ðpÞ
1

��
ðpÞ
1 þ ��

ðpÞ
2

� 1

2

 !
if k ¼ 2;

1

k

Xk
p¼1

k� 1

k� 2

�
ðpÞ
1P
l �
ðpÞ
l

� 1

k� 1

 !
if k > 2;

8>>>><
>>>>:

ð18Þ

where ��
ðpÞ
l are the ordered eigenvalues of the matrix �ZðpÞ 2

IRjApj�2 representing the zero mean score variables for
validation data assigned to the pth cluster when k ¼ 2.

In real-life problems, the balance of the obtained clusters
also becomes important. Consider the following clustering
balance measure:

balance ðDv; kÞ ¼ minfjA1j; . . . ; jAkjg
maxfjA1j; . . . ; jAkjg

: ð19Þ

The balance index equals 1 when the clusters have the same
number of elements and tends to 0 in extremely unbalanced
cases. Combining the linefit with the balance index leads to
the BLF:

BLFðDv; kÞ ¼ � linefit ðDv; kÞ þ ð1� �Þ balance ðDv; kÞ;
ð20Þ

where � is a parameter controlling the importance given to
the linefit with respect to the balance index and 0 	 � 	 1.

7 EMPIRICAL RESULTS

In this section, some experimental results are presented to
illustrate the proposed approach. All experiments reported
are carried out in MATLAB on an Intel Dual Core, 3.0 GHz,
2 GB RAM. All data have been separated into training,
validation, and test sets. The BLF criterion is used on
validation data to find the number of clusters k and the
kernel parameters and the � parameter is fixed to � ¼ 0:75.
Hence, more emphasis is given to the linefit. Simulations on
toy data and image segmentation are presented. The adjusted
Rand index (ARI) [39] is used as an external validation in
order to compare the clustering results with some external
cluster indicators. This clustering performance index ranges
from 0 to 1 and takes the unitary value when the clustering
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results matches perfectly the external cluster indicators. We
empirically observed that, for the used kernels, the learned
bias terms are very small compared to the magnitude of the
projections. This means that the score variables value is
dominated by the kernel expansions.

We compare our proposed method in terms of perfor-
mance and computation times with the spectral clustering
scheme discussed in [11]. This method uses random sub-
sampling to solve an eigenvalue problem of a small subset of
training points, and then, extrapolates the eigenvectors to the
complete set of data points using the Nyström approximation

[12], [13]. The resulting approximated eigenvectors are not
mutually orthogonal and additional orthogonalization steps
are needed. The cluster indicators are obtained by applying k-
means on the approximated orthogonalized eigenvectors.
We used the one-shot implementation described in [11].

7.1 Toy Problems

The first toy problem consists of three Gaussian clouds in a
2D space. The total number of data points is 800. The RBF
kernel parameter �2 was set to 0.08. The training set
consisted of 200 randomly selected points. Fig. 1 shows the
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Fig. 1. Toy problem: Effect of the encoding scheme. Left to Right: Full data set with three clusters and 800 data points; bipartitioning induced by
binarizing the first eigenvector �ð1Þ of (9); bipartitioning induced by binarizing the second eigenvector �ð2Þ of (9); and cluster results after encoding the
two binary partitions. The RBF kernel parameter was set to �2 ¼ 0:08. The training set consisted of 200 randomly selected data points. The cluster
indicators of the remaining data points were inferred using the out-of-sample extension and the ECOC decoding procedure.

Fig. 2. Toy problem: ARI with increasing number of clusters. (a) Full data set with 10 clusters and 2,000 data points. (b) Mean ARI compared to the
optimal clustering after 10 randomizations of the training set. The number of training data points was set to one-fifth of the total number of points.
Solid line: Proposed approach. Dashed line: Nyström approach [11]. The proposed method performs better than the Nyström method in terms of
ARI with respect to an increasing number of clusters and small training set sizes.

Fig. 3. Toy problem: Model selection. (a) Training set. (b) Maximum of the BLF (solid), maximum of the mean silhouette index applied to the score

variables (dashed). Both criteria are maximal for k ¼ 3. (c) Selection of �2. BLF for k ¼ 3 (solid), adjusted Rand index (dashed), mean silhouette index
for k ¼ 3 (dotted). Note that the BLF is very similar to the adjusted Rand index. The eigengap of MD� is very small, indicating a difficult eigenvalue

problem.
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binary clustering boundaries induced by the encoding
scheme. The first eigenvector �ð1Þ of (9) groups the left
and bottom Gaussian clouds into one cluster. The second
eigenvector �ð2Þ groups the bottom and right clouds into
one cluster. The cluster indicators for out-of-sample points
were inferred using the out-of-sample extension and the
ECOC decoding scheme.

The second toy problem shows the influence of increas-
ing number of clusters k with small training set sizes. Fig. 2
shows the results of the proposed approach and the
Nyström algorithm [11]. This data set consists of 10 Gaus-
sian clouds for a total of 2,000 data points. We performed
10 randomizations of the training set and the total number
of training points was set to one-fifth of the total number of
points. We used the average ARI over the randomizations
to assess the performance with respect to the optimal
clustering. The proposed method performs better than the
Nyström algorithm in terms of ARI.

The third toy problem consists of three concentric rings in
a 2D space. The training, validation, and test sets contain 600,
1,200, and 800 data points, respectively. This problem is
known to be difficult for spectral clustering because of its
nonlinearity, the fact that every data point has few
neighbors, resulting in a very sparse affinity matrix and
the multiscale nature of the rings. Fig. 3 shows the training
set and the model selection curves. In this particular case, the
BLF and the silhouette index find the correct number of
clusters, but for the selection of �2, the silhouette index
selects a nonreliable value. The BLF is very close to the
adjusted Rand index yielding maxima in the same range of

perfect performance. The eigengap is very small in this

experiment, making the eigendecomposition problematic.

Despite this fact, the BLF succeeds in selecting optimal

parameters. Fig. 4 shows the score variables and the

clustering results for an optimal value of �2 and a value far

away from the optimal range found by the BLF. The score

variables in the optimal case are perfect lines resulting in an

optimal clustering. In the nonoptimal case, the score

variables do not show the line structure leading to a wrong

ALZATE AND SUYKENS: MULTIWAY SPECTRAL CLUSTERING WITH OUT-OF-SAMPLE EXTENSIONS THROUGH WEIGHTED KERNEL PCA 343

Fig. 4. Toy problem: Collinear structure. (a) Score variables for the full data set with an optimal �2 ¼ 0:02 according to the BLF on validation data.
(b) Clustering results with optimal �2. (c) Score variables for the full data set with a nonoptimal �2. (d) Clustering results with a nonoptimal �2. The
triangles (red), crosses (blue), and circles (black) represent the clusters. Note that the score variables form lines in the case of optimal clustering.

Fig. 5. Toy problem: Agreement between cluster indicators. (a) Mean ARI between pairwise cluster indicators obtained through different random
subsamplings. (b) Mean ARI between cluster indicators and the optimal clustering. The �2 parameter was set to 0.02 and 20 random subsamplings
were performed. The Nyström method fails to stabilize even with increasing number of samples. The proposed method converges to the optimal
clustering as the number of training samples increases.

Fig. 6. Toy problem: Mean computation times. Solid line: Proposed

method. Dashed line: Spectral clustering using Nyström [11]. The main

bottleneck in the Nyström algorithm is the orthogonalization of the

approximated eigenvectors.
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clustering. Fig. 5 shows comparisons of the proposed
method with the Nyström method in [11]. We compute the
ARI between cluster indicators obtained through different
random subsamplings. This can be seen as a measure of
pairwise clustering agreement between different randomi-
zations of the training data. Comparisons with respect to the
optimal clustering are also reported. The proposed method
shows less variability with respect to random subsamplings
compared to the Nyström method. This issue can be due to
convergence problems of the reclustering step using
k-means. In the proposed method, the agreement between
cluster indicators tends to stabilize as the number of training
points increases. Computation times are reported in Fig. 6.

7.2 Image Segmentation

For the image segmentation experiments, we used color

images from the Berkeley image data set1 [40]. We

computed a local color histogram with a 5� 5 pixels

window around each pixel using minimum variance color

quantization of eight levels. We used the �2 test to compute

the distance between two local color histograms hðiÞ and hðjÞ

[41] �2
ij ¼ 0:5

PB
b¼1ðh

ðiÞ
b � h

ðjÞ
b Þ

2=ðhðiÞb þ h
ðjÞ
b Þ; where B is total

number of quantization levels. The histograms are assumed

to be normalized
PB

b¼1 h
ðiÞ
b ¼ 1, i ¼ 1; . . . ; N . The �2 kernel

KðhðiÞ; hðjÞÞ ¼ expð��2
ij=��Þ with parameter �� 2 IRþ is

positive definite and has shown to be a robust and efficient

way of comparing the similarity between two histograms

for color discrimination and image segmentation [11].
We performed model selection using the BLF for

determining the optimal number of clusters k and the
�2 kernel parameter ��. The training scenario consisted of
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1. http://www.eecs.berkeley.edu/Research/Projects/CS/vision/
grouping/segbench/.

Fig. 7. Model selection using the BLF for image with ID 167062. (a) Tuning the number of clusters k. (b) Tuning the kernel parameter ��. The model
selection scenario consists of 1,000 pixel histograms for training and 20,000 pixel histograms for validation. The training and validation sets were
randomized 20 times. Tuned parameters are k ¼ 2; �� ¼ 0:09.

Fig. 8. Model selection using the BLF. (a) Original image. (b) Score variables for the validation set. The tuned parameters are k ¼ 4; � ¼ 0:084. Note

that the strong line structures present on the score variables. (c) Segment-label image.

Fig. 9. Mean computation times for the Segbench test data set over 10
randomizations of the training set. Solid line: Proposed method.
Dashed line: Nyström method [11] using the one-shot implementation.
The main bottleneck in [11] is the orthogonalization of the approximated
eigenvectors.
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1,000 pixel histograms for training and 20,000 pixel histo-
grams for validation. The training and validation sets were
randomized 20 times. Fig. 7 shows the model selection
results for image with ID 167062. The obtained tuned
parameters are k ¼ 2, �� ¼ 0:09. Similar tuning plots were
used to determine the optimal parameters of each of the
10 images used. Fig. 8 shows the obtained clustering and the

validation score variables for image with ID 145086 using
tuned k ¼ 4, �� ¼ 0:084. Each cluster in the image is
represented as a line in the score variables space. Mean
computation times can be seen in Fig. 9. The bottleneck of
the Nyström method corresponds to the orthogonalization
steps. For training set sizes N > 2;000, the proposed
methods run faster than [11] by at least one order of
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Fig. 10. Image segmentation results using the proposed method and the Nyström algorithm [11]. The training set consisted of 1,000 randomly
chosen pixel histograms. The proposed approach performs better than [11] with respect to human segmentation. The performance in terms of
F -measure of the full test set can be seen in Table 3.
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magnitude. Fig. 10 shows the image segmentation results for
10 images. After tuning, the methods are trained with
1,000 pixel histograms randomly chosen. The cluster
indicators of the remaining pixel histograms are inferred
using the out-of-sample extension in the proposed method
and approximated using Nyström in the case of [11]. The
clustering indicators represent a segment-label image. The
edges are then computed by applying a Canny edge detector
over the segment-label image. Table 3 shows the comparison
between the two methods using a performance measure
with respect to human segmentation. The performance
criterion used is the F -measure [42], [43]. This measure is
known to be meaningful for evaluating image segmentation
boundaries. The F -measure is closely related to the area
under Receiver Operating Characteristic (ROC) curves and

is defined as the harmonic mean between precision and
recall. The proposed method outperforms the Nyström
algorithm in terms of agreement with human segmentation.

8 CONCLUSIONS

A new formulation for multiway spectral clustering with
out-of-sample extensions is proposed. This formulation is
based on a weighted kernel PCA framework in which the
clustering model can be extended to new points. The
proposed approach is cast in a constrained optimization
framework providing primal-dual insights in a learning
scheme. In the case of well-formed clusters, the eigenvectors
of a modified similarity matrix derived from the data display
a special structure. Training data points in the same cluster
are mapped into a single point in the space spanned by the
eigenvectors. In the case of validation data, points in the
same cluster are collinear in the space spanned by the
projected variables. This structure is exploited by the
proposed model selection criterion to obtain useful model
parameters leading to visually appealing and interpretable
clusters. Experiments with known difficult toy examples and
image segmentation show the applicability of the proposed
multiway clustering model and model selection criterion.
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